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Abstract. It has long been conjectured that starting at a generic smooth closed embedded 
surface in R'^, the mean curvature flow remains smooth until it arrives at a singularity in a 
neighborhood of which the flow looks like concentric spheres or cylinders. That is, the only 
singularities of a generic flow are spherical or cylindrical. We will address this conjecture 
here and in a sequel. The higher dimensional case will be addressed elsewhere. 

The key in showing this conjecture is to show that shrinking spheres, cylinders and planes 
are the only stable self-shrinkers under the mean curvature flow. We prove this here in all 
dimensions. An easy consequence of this is that every other singularity than spheres and 
cylinders can be perturbed away. 

0. Introduction 

One of the most important problems in mean curvature flow is to understand the possible 
singularities that the flow goes through. Singularities are unavoidable as the flow contracts 
any closed embedded hypersurface in Euclidean space eventually leading to extinction of 
the evolving hypersurfaces. Classically, mean curvature flow was only defined up to the 
first singular time, but a number of ways to define weak solutions have been developed over 
the last 30 years by Brakke, [B], Evans-Spruck, |EvSp| , and Chen-Giga-Goto, |CGG] : cf. 
Osher-Sethian, [OSej . 

Through the combined work of Abresch-Langer, Calabi, Epstein, Gage, Grayson, and 
Hamilton, among others, singularities for the curve shortening flow in the plane, that is, mean 
curvature flow for curves, are well understood. In higher dimensions, a key starting point for 
singularity analysis is Huisken's montonicity formula, |H3j . This is because the monotonicity 
implies, according to Huisken, [H3j . that the flow is asymptotically self-similar near a given 



singularity and, thus, is modelled by self-shrinking solutions of the flow. Huisken's original 
proof applied to so-called type I singularities, but Ilmanen and White extended Huisken's 
formula to weak solutions and proved asymptotic self-similarity for all singularities of the 
flow with convergence now in the weak sense of geometric measure theory; see lemma 8 in 

Here and in a paper to follow, we will show a long-standing conjecture (of Huisken) 
classifying the singularities of mean curvature flow starting at a generic closed embedded 
surface. In a third paper, we will address the higher dimensional case. The current paper 
shows that, in all dimensions, the only singularities that cannot be perturbed away are 
cylinders and spheres. It also gives an application to generic mean curvature flow in R^ 
showing that generic mean curvature flow that disappears in a compact point does so in 
a round point. Well known examples of Angenent and numerics of Angenent, Chopp, and 
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Ilmanen discussed below show that there is virtually no hope of classifying the singularities 
for mean curvature flow starting at an arbitrary hypersurface in R""*"^ for n > iQ; the thrust 
of Huisken's conjecture is that this can be done for generic initial hypersurfaces. 

Under various assumptions, like convexity, mean convexity, and two-convexity, or for 
curves in the plane, the blow ups of singularities have been classified by various authors 
including Huisken, Gage-Hamilton, Grayson, Huisken-Sinestrari, and White. Unlike in our 
case, in all previous classifications of possible singularities for n > 1, assumptions, like mean 
convexity, were made that immediately guaranteed that none of the exotic singularities de- 
scribed above could occur. For instance, since mean convexity is preserved under the flow, 
if the initial surface is mean convex, then so are all blow ups and, since none of the ex- 
otic self-similar flows mentioned above are mean convex, they are immediately ruled out as 
singularities. 

A one-parameter family Mj of hypersurfaces in R"+^ flows by mean curvature if 
(0.1) {dtx)^ = H, 

where H = —Hn is the mean curvature vector, n is the outward unit normal, v-^ is the 
normal part of a vector v, and the mean curvature H is given by 

(0.2) H = divn. 

With this convention, H is n/R on the n-sphere of radius R in R""*"^ and H is k/R on the 
"cylinder" S'^ x R"~'^ c R*^"*"^ of radius R. Thus, in either case, the mean curvature vector 
"points inwards" and, hence, the flow contracts. 

The simplest (non-static) mean curvature flow is given by the one-parameter family of 
shrinking spheres Mt C R""*"^ centered at the origin and with radius \/—2nt for t < 0. This 
is a smooth flow except at the origin at time when the flow becomes extinct. In |Hlj . 
Huisken showed that MCF starting at any smooth compact convex initial hypersurface in 
j^n+i rgjY^ains smooth and convex until it becomes extinct at a point and if we rescale the 
flow about the point in space-time where it becomes extinct, then the rescalings converge 
to round spheres. Huisken-Sinestrari, |HSlj . |HS2j . and White, |W2j . |W3j . have proven a 
number of striking and important results about MCF of mean convex hypersurfaces and their 
singularities and Huisken-Sinestrari, |HS3j . have developed a theory for MCF with surgery 
for two-convex hypersurfaces in R"""*"^ (n > 3) using their analysis of singularities (and their 
blow ups). 

Huisken's proof that convex hypersurfaces become extinct in round points applied for 
n > 2, but the corresponding result for convex curves was proven by Gage and Hamilton in 
|GH] . In fact, in |Glj (see also |G3j . |EpG| , [Hal] . |H5j ). Grayson showed that any simple 
closed smooth curve in R^ stays smooth under the curve shortening flow, eventually becomes 
convex, and thus will become extinct in a "round point" . The situation is more complicated 
for surfaces where there are many other potential types of singularities that can arise. For 
instance, Grayson constructed a rotationally symmetric dumbbell in |G2] where the neck 
pinches off before the two bells become extinct. For rescalings of the singularity at the neck, 
the resulting blow ups cannot be extinctions and, thus, are certainly not spheres. In fact, 

"'^Since time slices of sclf-shrinkcrs are minimal hypersurfaces for a conformally changed metric on R""*"^ 
(see Section|3]), some classification of self-shrinkers may be possible in R""* using the ideas of |CM5| - [CM10j . 
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rescalings of the singularity converge to shrinking cyhnders; we refer to White's survey jWl] 
for further discussion of this example. 

The family of shrinking spheres of radius \/—2nt is self-similar in the sense that Mt is 
given by 

(0.3) Mt = M_i . 

A MCF Mf satisfying (10.30 is called a self-shrinker. Self-shrinkers play an important role in 
the study of mean curvature flow, not least because they describe all possible blow ups at 
a given singularity of a mean curvature flow. To explain this, we will need the notion of a 
tangent flow, cf. [IT], [W4j . which generalizes the tangent cone construction from minimal 
surfaces. The basic idea is that we can rescale a MCF in space and time to obtain a new MCF 
thereby expanding a small neighborhood of the point that we want to focus on. Huisken's 
monotonicity gives uniform control over these rescalings and a standard compactness theorem 
then gives a subsequence converging to a limiting solution of the MCF. This limit is called 
a tangent flow. A tangent flow will achieve equality in Huisken's monotonicity formula and, 
thus, must be a self-shrinker by |H3j . [IT] . 

The precise definition of a tangent flow at a point [xq, to) in space-time of a MCF Mt is as 
follows: First translate Mt in space-time to move (xq, to) to (0, 0) and then take a sequence of 

parabolic dilations (x, t) — > {cj x, Cj t) with Cj — > oo to get MCF's M/ = Cj ^M^-2^_,_j^ — xqJ . 

Using Huisken's monotonicity formula, |H3] . and Brakke's compactness theorem, [B], White 
|W4j and Ilmanen [IT] show that a subsequence of the Mps converges weakly to a limiting 
flow Tt that we will call a tangent flow at (xq, to). Moreover, another application of Huisken's 
monotonicity shows that 7^ is a self-shrinker. It is not known whether % is unique. That is, 
whether different sequences of dilations might lead to different tangent flows. 

In [IT], Ilmanen proved that in tangent flows at the first singular time must be smooth, 
although he left open the possibility of multiplicity. However, he conjectured that the mul- 
tiplicity must be one: 

Conjecture 0.4. (Ilmanen, see page 7 of [IT]; cf. [E3j ) For a smooth one-parameter family 
of closed embedded surfaces in R"^ flowing by mean curvature, every tangent flow at the first 
singular time has multiplicity one. 

If this conjecture holds, then it would follow from Brakke's regularity theorem that near 
a singularity the flow can be written as a graph of a function with small gradient over the 
tangent flow. 

We will say that a MCF is smooth up to and including the first singular time if every 
tangent flow at the first singular time is smooth and has multiplicity one. Conjecturally, all 
MCF in R^ are smooth up to the first singular time. 

A self-similarly shrinking solution to MCF is completely determined by the t = —1 time- 
slice and, thus, we sometimes think of a self-similar flow as just that time-slice. 

The simplest self-shrinkers are R", the sphere of radius \/—2nt, and more generally cylin- 
drical products S'^ X R'^"'^ (where the S'^ has radius \/—2kt). All of these examples are mean 
convex (i.e., have H > 0) and, in fact, these are the only mean convex examples under mild 
assumptions; see |H3j . |H4j . |AbLa] . and Theorem 10. 17[ 
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Without the assumption on mean convexity, then there are expected to be many more ex- 
amples of self-shrinkers in R'^. In particular, Angenent, [X], has constructed a self- shrinking 
torus ( "shrinking donut" ) of revolutioiJl and there is numerical evidence for a number of other 
examples (see Chopp, |Ch] . Angenent-Chopp-Ilmanen, |AChIj . Ilmanen, [13], and Nguyen, 
[Nlj . |N2] ) ■ We will see in this paper that all self-shrinkers except the simplest are highly 
unstable and, thus, hard to find. We will use this instability to perturb them away in a 
generic flow. 

Angenent used his self- shrinking torus to give a new proof that the dumbbell has a neck 
pinching singularity before the two bells become extinct. The idea is to make the neck of the 
dumbbell long and thin and the bells on either side large enough to contain two large round 
spheres. By the maximum principle, the interior of the MCF of the dumbbell will contain 
the shrinking spheres and, thus, cannot become extinct until after the spheres do. On the 
other hand, Angenent used the self-shrinking torus to encircle the neck of the dumbbell and, 
thus, conclude that the neck would pinch off before the spheres had shrunk to points; see 
also White, |W1] . for a beautiful expository discussion of the dumbbell, tangent flows, and 
self-similar solutions. 

While Mt will always be a one-parameter family of hypersurfaces flowing by mean cur- 
vature, we will use S to denote a single hypersurface and to denote a one-parameter 
variation of S. Frequently, S will be the time t = —1 slice of a self-shrinking solution Mt of 
the mean curvature flow. 

Given xq G R*^"*"^ and to > 0, define the functional -Fxo.to (^^^ |H3j . (6) in |AChI] . or page 
6 in HH]; cf. 2.4 in [E]) by 

(0.5) F,,,t„(E) = (47rto)-2 j e d^i . 

The main point of these functionals is that S is a critical point of -Fxo.to precisely when it is 
the time t = —to slice of a self-shrinking solution of the mean curvature flow that becomes 
extinct at x = Xq and t = 0. The entropy X = A(S) of S will be the supremum of the -Fxo,to 
functionals 

(0.6) A = sup F,„,io(E). 

The key properties of the entropy A are: 

• A is non- negative and invariant under dilations, rotations, or translations of S. 

• \{Mt) is non-increasing in t if the hypersurfaces Mt flow by mean curvature. 

• The critical points of A are self-shrinkers for the mean curvature flow. 

These properties are the main advantages of the entropy functional over the F functionals. 
The main disadvantage of the entropy is that it need not depend smoothly on S. To deal 
with this, we will say that a self-shrinker is entropy- stable if it is a local minimum for the 
entropy functionalJl 



In fact, for every n > 2, by rotating a curve in plane, Angenent constructed an embedded self-shrinker 
in R"+^ that is topologically x S"~^. The curve satisfies an ODE that can be interpreted as the geodesic 
equation for a singular metric. 

''Here "local" means with respect to hypersurfaces that can be written as a graph over the given hyper- 
surface of a function with small norm. In particular, we do not require the support to be compact. 
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To illustrate our results, we will first specialize to the case where n = 2, that is to mean 
curvature flow of surfaces in R^. 

Theorem 0.7. Suppose that S C is a smooth complete embedded self-shrinker without 
boundary and with polynomial volume growth. 

• If S is not a sphere, a plane, or a cylinder, then there is a graph S over S of a 
compactly supported function with arbitrarily small norm (for any fixed m) so 
that A(S) < A(S). 

In particular, S cannot arise as a tangent flow to the MCF starting from E. 

Motivated by this theorem, we will next define an ad hoc notion of generic MCF that 
requires the least amount of technical set-up, yet should suffice for many applications. A 
piece-wise MCF is a finite collection of MCF's MJ: on time intervals so that each 

Mj^^ is the graph over M^. ^ of a function Wj+i, 



(0.8) Area (m/+^) = Area (^M, 

(0.9) A (ilCO < A (mi 



i + l 



With this definition, area is non- increasing in t even across the jumps. 

For simplicity, we assume in Theorem 10.101 below that the MCF is smooth up to and 
including the first singular time. As mentioned, this would be the case for any MCF in 
if the multiplicity one conjecture. Conjecture 10.41 holds. 

The following theorem can be thought of as a generalization of the results of Gage- 
Hamilton |GHj . Grayson [Gl] , and Huisken |Hlj . 

Theorem 0.10. For any closed embedded surface E C R^, there exists a piece-wise MCF 
Mt starting at E and defined up to time to where the surfaces become singular. Moreover, 
Mt can be chosen so that if 

/n ii\ 1- • f diamMt 

(0.11) limmf < oo, 

t^to yto — t 

then Mt becomes extinct in a round point. 

The meaning of (10. Ill) is that each time slice of a tangent flow (at time to) has uniformly 
bounded diameter after rescaling. 

Theorem 10.101 will eventually be a corollary of our main theorem in |CMlj about generic 
MCF. However, it follows directly from our classification of entropy stable self-shinkers to- 
gether with compactness of the space of all self-shrinkers with a fixed bound on area and 
genus and serves to illustrate some of the central ideas about generic MCF. (The compact- 
ness of self-shrinkers with area and genus bound was proven in |CM3j .) Here is why it follows 
directly from these two results (a detailed proof is given in Section [8] of this paper): 
Starting at the given surface, flow by mean curvature till the evolving surface 
is sufficiently close to a time slice in a tangent flow. If this time slice is not a 
sphere yet has diameter bounded by a fixed number, then by the classification 
of stable self-shrinkers we can find a small graph over it where the entropy has 
gone down by a fixed amount. Start the MCF at this new surface and flow till 
the evolving surface is sufficiently close to a time slice in the corresponding 
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tangent flow. If tliis time slice is also not a sphere yet has a fixed bound for the 
diameter, we can continue the process of making a replacement and get again 
that the entropy has gone down a fixed amount. As the entropy is always 
positive this process has to terminate and we get the theorem. Note that the 
entropy goes down by a definite amount after each replacement follows from 
the compactness theorem of |CM3] . 

One consequence of Theorem 10. 101 is that if the initial surface is topologically not a sphere, 
then the piece-wise flow must develop a non-compact (after rescaling) singularity. 

Note that even flows that become extinct at a point can develop non-compact singularities. 
For example, Altschuler-Angenent-Giga, |AAGj . constructed a mean convex initial surface 
in whose MCF is smooth until it becomes extinct in a "non-compact" point. In fact, the 
tangent flow at the extinction point is a cylinder. This is in contrast to the case of curves 
where Grayson, |G1] . has shown that all tangent flows are compact; cf. |Hal] and |H5] . 

0.1. Higher dimensions. As already mentioned, the main result of this paper is the clas- 
sification of generic singularities. In higher dimensions, this is the following: 

Theorem 0.12. Suppose that S is a smooth complete embedded self-shrinker without 
boundary and with polynomial volume growth. 

(1) If E is not equal to S'^ x R"~'^, then there is a graph E over E of a function with 
arbitrarily small C™ norm (for any fixed m) so that A(E) < A(E). 

(2) If E is not S" and does not split off a line, then the function in (1) can be taken to 
have compact support. 

In particular, in either case, E cannot tangent flow to the MCF starting from E. 

In our earlier theorem showing that in entropy stable self-shrinkers are all standard, 
we assumed that the self-shrinker was smooth. This was a reasonable assumption in R^ 
for applications as (by the theorem of Ilmanen) any tangent flow in R^ is indeed smooth. 
However, examples of Velazquez, [V], show that tangent flows need not be smooth in higher 
dimension^ and, instead, one has the following well known conjecture (see page 8 of jIT]): 

Conjecture 0.13. Suppose that Mq C R""''^is a smooth closed embedded hypersurface. 
A time slice of any tangent flow of the MCF starting at Mq has multiplicity one and the 
singular set is of dimension at most ra — sH 

We will show that when n < Q our results classifying entropy stable self-shrinkers in R*^"*"^ 
hold even for self-similar shrinkers satisfying the smoothness of Conjecture I0.13[ In fact, we 
show here the following stronger result: 

Theorem 0.14. Theorem 10. 121 holds when n < 6 and E is an oriented integral varifold that 
is smooth off of a singular set with locally finite (n — 2)-dimensional Hausdorff measure. 



^In [Vj, Velazquez constructed smooth embedded hypersurfaces evolving by MCF in whose tangent 
flow at the first singular time is the static Simons cone and is, in particular, not smooth. 

^By the dimension reduction of |W5| , the estimate on the singular set would follow from ruling out static 
planes, quasi-static planes, and various polyhedral cones as potential blow ups. The key for proving the 
conjecture is to rule out higher multiplicity static planes. 
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0.2. Outline of the proof. The key results of this paper are the classification of entropy- 
stable self-shrinkers given in Theorem 10 . 71 and its higher dimensional generalization Theorem 
10.121 The main technical tool for proving this is the concept of F-stability which we will 
define below. 

We will see that there are several characterizations of self-shrinkers. One of the most useful 
is that self-shrinkers are the critical points for the Fq^i functional (see Proposition 13. 6l below). 
Since this functional is the volume in a conformally changed metric, they are also minimal 
surfaces in the conformally changed metric. From either point of view, every self-shrinker 
S is unstable in the usual sense; i.e., there are always nearby hypersurfaces where the Fq^i 
functional is strictly less; see Theorem 19.21 below. This is because translating a self-shrinker 
in space (or time) always lowers the functional. The stability that we are interested in, which 
we will call F-stability, mods out for these translations: 

A critical point S for Fx^^to is F -stable if for every compactly supported vari- 
ation!^ Eg with So = E, there exist variations Xg of Xq and tg of Iq that make 
F" = (F,,,t,(S,))">Oats = 0. 

We will show that entropy-stable self-shrinkers that do not split off a line must be F-stable: 

Theorem 0.15. Suppose that S C R"+^ is a smooth complete embedded self-shrinker with 
9S = 0, with polynomial volume growth, and E does not split off a line isometrically. If 
S is F-unstable, then there is a compactly supported variation with Sq = S so that 
A(S,) < A(S) for all s ^ 0. 

Thus, we are led to classifying F-stable self-shrinkers: 

Theorem 0.16. If S is a smoothQ complete embedded self-shrinker in R""'"'^ without bound- 
ary and with polynomial volume growth that is F-stable with respect to compactly supported 
variations, then it is either the round sphere or a hyperplane. 

The main steps in the proof of Theorem 10. 161 are: 

• Show that F-stability implies mean convexity (i.e., if > 0). 

• Classify the mean convex self-shrinkers (see Theorem 10 . 1 71 below) . 

The connection between F-stability and mean convexity comes from that the mean cur- 
vature H turns out to be an eigenfunction for the second variation operator for the Fq^i 
functional on a self-shrinker S; see Theorem 14.141 and Theorem 15. 2[ When S is closed (so 
that the spectral theory is easiest), it is then almost immediate to see that F-stability is 
equivalent to H being the lowest eigenfunction which, in turn, is equivalent to that H does 
not change sign (i.e., mean convexity). Although spectral theory of open manifolds is more 
complicated, we show the corresponding result in Section [H] to get that F-stability implies 
mean convexity. 

The classification of mean convex self-shrinkers began with |H3j . where Huisken showed 
that the only smooth closed self-shrinkers with non-negative mean curvature in R""*"^ (for 
n > 1) are round spheres (i.e., S"). When n = 1, Abresch and Langer, |AbLa] . had already 

compactly supported variation Ss of S is a one-parameter family of graphs over S given by {x + 
s f{x) n(x) I a; S S} where n is the unit normal and / is a function on E with compact support. 

'''The theorem holds when n < 6 and E is an oriented integral varifold that is smooth off of a singular set 
with locally finite in — 2)-dimensional Hausdorff measure. 
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shown that the circle is the only simple closed self-shrinking curve. In a second paper, jH4j . 
Huisken dealt with the non-compact case. He showed in [H4] that the only smooth open 
embedded self- shr inkers in R""*"^ with H > 0, polynomial volume growth, and 1^41 bounded 
are isometric products of a round sphere and a linear subspace (i.e. S'^ x R"~'^ c R""*"^). 
We will show that Huisken's classification holds even without the |y4| bound which will be 
crucial for our applications: 

Theorem 0.17. S'' x R"-'^ are the only smooth complete embedded self-shrinkers without 
boundary, with polynomial volume growth, and if > in R""*"^. 

The S'^ factor in Theorem 10.171 is round and has radius V2k; we allow the possibilities of 
a hyperplane (i.e., /c = 0) or a sphere {n — k = 0). 

0.3. Conventions and notation. Using the definition (10.21) . H is 2/R on the sphere of 
radius R in R^ and H is 1/ R on the cylinder of radius R. If Cj is an orthonormal frame for 
S and n is a unit normal, the coefficients of the second fundamental form are defined to be 

(0.18) = (Ve.e,,n). 

In particular, we have 

(0.19) Ve,n = -aijCj . 

Since (Vnn, n) = 0, we have that H = (Vg^n, Cj) = —an where by convention we are 
summing over repeated indices. 

When L is a differential operator, we will say that u is an eigenfunction with eigenvalue fi 
if Lu = —fi u and u is not identically zero. The Laplacian A is defined to be the divergence 
of the gradient; thus, on R", it is given by Am = 'Yll=i'UxiXi- With this convention, the 
eigenvalues of the Laplacian are non-negative on any closed manifold. 

The parabolic distance between two pairs of points (xi,ti) and (^2,^2) in space-time is 
denoted by (ip((xi,ti), (^2,^2)) and equal to max{|xi — X2I, — ^21}- 

Finally, there is a second, and related, way to study the asymptotic structure near a sin- 
gularity. In this case, one considers a new fiow which combines the mean curvature fiow with 
a continuous rescaling process M, = ^ Mj where s{t) = - log(-t) is a reparameterization 

of time. The resulting fiow is called the rescaled mean curvature flov^ and a one-parameter 
family Ms satisfies it if 

(0.20) (9,x)^ = -i/n+|, 

where x is the position vector. In this case, we are rescaling about x = and t = 0, but 
translations in space and time give similar equations for rescaling about other points. It is 
not hard to see that the fixed points of the rescaled mean curvature fiow are precisely the self- 
shrinkers. The result of Huisken, [HI] , about extinction in round points, can be reformulated 
in terms rescaled MCF fiow as stating that the rescaled MCF of a convex hypersurface exists 
for all time and converges asymptotically to the round sphere. Obviously, this implies that 
the tangent fiows at the singularity are round spheres. 



^Our definition of the rescaled flow differs slightly from Huisken's definition in [H3j since Huisken's rescal- 
ing fixes the time t = slice rather than the t = — 1. 
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We will need to recall Huisken's monotonicity formula (see |H3j . |E1] . [E2j ). To do this, 
first define the non-negative function $ on R""*"^ x {—oo, 0) by 

(1.1) ^{x, t) = [-47rt]" 2 e— , 

and then set $(a;o,to)(a;, t) = $(x — XQ,t — to). If Mj is a solution to the MCF and u is a 
function, then 

d 



[1.2) 



u $ 



Mt 



M, 



Hn 



(x - xo)- 



2 (to - 1) 



u(^{xo,to) + / [ut- An] $. 



When u is identically one, we get the monotonicity formula 



:i,3) 



ii t 



dt 



Mt 



Mt 



Hn 



(x-xo)- 



2 (to - 1) 



Mt 



(a:o,to) 



Huisken's density is the limit of J^_j $zo,io as t ^ to- That is. 



:i.4) 



e 



Xo,to 



lim 

t^to 



Mt 



this limit exists by the monotonicity (II. 3p and the density is non-negative as the integrand 
^xo,to is non-negative. Note also that it easily follows from the monotonicity that Huisken's 
density is upper semi-continuous in the following sense: Given xq, to, and e > 0, there exists 
S > such that if dp{{x,t), (xo,to)) < S, then 

(1-5) Qx,t <Qxo,to+^- 

The F functional and Huisken's weighted volume are related by the following identity 



:i.6) 



F,,,^,{M_^) = {into) 



-n/2 



M- 



>,0). 



Remark 1.7. The density was defined so that it is one on a hyperplane. In [St], A. Stone 
calculated Huisken's density, and thus the F functional, on spheres and cylinders. On 
spheres, the density is 4/e ~ 1.47 and on cylinders it is \ph^J& ^ 1.52. 

We will use two simple properties of the F^^^ti^ functional defined in (10.51) . The first is that 
if we scale E by some a > about the origin, then the scaled hypersurface a S satisfies 

(1-8) Fo,„2i„(aS) =Fo,t„(S). 

Similarly, we get a corresponding equality for rescalings about an arbitrary Xo G R"+^. The 
second property that we will need is that if the one-parameter family of hypersurfaces 
flows by mean curvature and t > s, then Huisken's monotonicity formula (11.31) gives 

(1-9) F.„,,„(M,)<F.o,to+(t-)(M,). 

Recall that we deflned the entropy A = A(S) of S in (10. 6p as the supremum of the F^^^to 
functionals 

(1.10) A = sup F,o,to(S). 

Xo,to 

We conclude that the entropy is monotone under the mean curvature flow: 
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Lemma 1.11. The entropy A is non-increasing in t if the hypersurfaces Mj flow by mean 
curvature or by the rescaled mean curvature flow. 

Proof. The first claim follows immediately from (11. 9p . while the second claim follows from 
f lLQ]) and 1^. □ 

2. Self-shrinkers and self-shrinking MCF 

A hypersurface is said to be a self-shrinker if it is the time t = —1 slic^ of a self-shrinking 
MCF that disappears at (0,0), i.e., of a MCF satisfying Mt = \l^-tM^i. Thanks to the 
next lemma we will later use slight abuse of notation and identify a self-shrinker with the 
corresponding self- shrinking MCF and sometimes we will also simply think of a self-shrinker 
as a hypersurface satisfying the following equation for the mean curvature and the normal 

(2.1) H=(^. 

Lemma 2.2. If a hypersurface S satisfies (12. ip . then Mt = ^/^S flows by mean curvature 
and 

/r, ON rr _ i^^^Mt) 
{^■-i) ^Mt — • 

Conversely if a one-parameter family of hypersurfaces Mt flows by mean curvature, then 
Mt satisfies Mt = y/^ M^i if and only if Mt satisfies fl23D . 

Proof. If S is a hypersurface that satisfies that H = then we set Mt = E and 

x{p,t) = \^—ip for p E T,. It follows that nMt{x{p,t)) = ns(p), HMt{x{p-,t)) = , and 



dtx = — Thus, (dtx)-^ = = —HMt{.x{p,t))- This proves that Mt flows by mean 

curvature and shows (12. 3p . 

On the other hand, suppose that Mt is a one-parameter family of hypersurfaces flowing 
by mean curvature. A computation shows that 

(2.4) (_t)l9Y^^ =-tdtX + '' 



2 



If ^ = M_i, then 



-t 

X \ > ,„ > 1 



(2.5) = (-t)2 {dt \ —F=i] = -t {dtX,nM_^) + -(x,nM_i) 



Hence, since Mt flow by the mean curvature it follows that 

(2.6) Hm_^ = -{otx, nM_^} = . 

The equation for iJjv/t for general t follows by scaling. 

Finally, if Mt flows by mean curvature and satisfies (12.31) . then, by the first part of the 
lemma, it follows that Nt = \/^M_i also flows by the mean curvature and has the same 
initial condition as Mt] thus Mt = Nt for t > —1. □ 



^In |H3| . Huisken defines self-shrinkers to be the time t ^ slice of a self-shrinking MCF; consequently, 
Huisken gets that H = {x,n). 
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Corollary 2.7. If the hypersurfaces Mt flow by mean curvature, then Mt is a self-similar 
shrinking MCF if and only J^^^ $ is constant. 

Proof. This follows by combining Lemma 12.21 with (11.91) . □ 

Another consequence of Lemma 12.21 is the following standard corollary: 

Corollary 2.8. If S is a self-shrinker and H = 0, then S is a minimal cone. In particular, 
if S is also smooth and embedded, then it is a hyperplane through 0. 

Proof. Since H = 0, Mt = S is a static solution of the MCF. Hence, by Lemma 12. 2[ 
v^^S = E for all t < and, thus, S is a cone. The second claim follows since the only 
smooth cone through is a hyperplane. □ 

2.1. Volume bounds and a priori bounds for blow ups. Let Mt C R"+^ be a MCF 
with initial hypersurface Mq where Mq is smooth closed and embedded. 

Lemma 2.9. If Mq and Mt are as above and T > is given, then there exists a constant 
V = V{Vo\{Mo),T) > so that for all r > 0, all Xq G R"+\ and alH > T 

(2.10) Vo\{Br{xo) n Mt) <Vr''. 

Proof. For any to > ^ to be chosen later, Huisken's monotonicity formula gives 

n 1 n r \^-^q\'^ 

[47r(to - t)]^ 2 Yo\{B^t{xo) n Mt) <[47r(to - t)]^ ^ / e^(^ 

(2-11) < / $.o,*o(-,^)< / <^'xo,to(-,0) 

JMt J Mo 



= [47rto]~2 / e «o < (47rT)-2 Vol(Mo) 

J Mo 



Hence, 



(2.12) Vol(5^(xo) n Mt) < e4 ( ) Vol(Mo) 



T 

Setting to = t + and V = Vol (Mq) T~t, the claim now easily follows. □ 

Given a MCF Mt as above a limit flow (or a blow up flow), Bt, is defined as follows (cf., 
for instance, page 675-676 of |W2j and chapter 7 of [l2]). Let {xj, tj) be a sequence of points 
in space-time and Cj a sequence of positive numbers with oo. A limit flow is a Brakke 
limit of the sequence of rescaled flows t — > cj (M^-2j^j, ~ ^j)- Such limits exist by Brakke's 

j 

compactness theorem, [B], and the a priori volume bound in Lemma [2.91 Note that when 
all Xj are equal to a common point xq and the tfs are equal to a common time to, then the 
limit flow is a tangent flow at (a;o,to) (translated to the origin in space-time). 

Corollary 2.13. If Mq and Mt are as above, then there exists a constant > so that for 
any limit flow Bt, all r > 0, xq E R""*"^, and all t 

(2.14) Yo\{Br{xo) n Bt) < . 
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Proof. This follows immediately from the lemma after noting that, since the initial hyper- 
surface Mo is smooth, the original flow remains smooth for a short time and, thus, any blow 
up near (in time) the initial hypersurface is a static plane. Thus, to prove the corollary, we 
may assume that the blow up is for times tj > T for some T > 0; the corollary now follows 
from the lemma. □ 

If S is a hypersurface in R*^"*"^, then we say that S has polynomial volume growth if there 
are constants C and d so that for all r > 1 

(2.15) Vol (5,(0) nS) < Cr^. 

Note that, by the corollary, any time-slice of a blow up has polynomial volume growth. 

3. A VARIATIONAL CHARACTERIZATION OF SELF-SHRINKERS 

In Lemma 12.21 in the previous section, we saw that a hypersurface is a self-shrinker is 
equivalent to that: 

• It satisfies the second order differential equation H = 

In this section, we will see that there are two other equivalent characterizations for a 
hypersurface S to be a self-shrinker: 

• It is a minimal hypersurface for the conformally changed metric gij = e 2,i Sij on 

• It is a critical points for the F^g^ functionals with respect to variations in all three 
parameters, i.e., critical for variations of S, Xq, and to- 

The equivalence of these is proven in Lemma 13.11 and Proposition 13.61 respectively. 

Unless explicitly stated otherwise, the results of the rest of the paper hold for hypersurfaces 
in R""*"^ for any n. 

3.1. The first variation of F^q^. We will say that the one-parameter family of smooth 
embedded hypersurfaces C R'""^^ is a variation of E if is given by a one-parameter 
family of embeddings : S ^ R"+^ with Xq equal to the identity. We will call the vector 
field I „ the variation vector field. 

as \s=0 

Lemma 3.1. Let C R"^^ be a variation of S with variation vector field Sq = /n. If Xg 
and ts are variations of xq and to with x'q = y and t'^ = h, then ^ (F^ t i^s)) is 
(3.2) 

(x — xo,n)\ — xop n \ {x — xo,y) 



(4vrto) 



2^0 J \^ J 



djj . 



Proof. From the first variation formula (for area), we know that 
(3.3) (dfi)' = f H djj . 

The s derivative of the weight e"'^"^"'^/^^*"'' will have three separate terms coming from the 
variation of the surface, the variation of Xg, and the variation of tg. Using, respectively, that 
V\x — XoP = 2 (x — X.), 
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and dx^\x — x^p = 2[xs — x), we get that the derivative of log {Ants)~^ q-\x-xs\'^ /{Us) 
s = is given by 

Combining this with f l3.3p gives (13. 2p . □ 

3.2. Critical points of -Fxo.io self-shrinkers. We will say that S is a critical point for 
FxQ^tt, if it is critical with respect to all normal variations in S and all variations in and 
to- Strictly speaking, it is the triplet (S, xq, to) that is a critical point of F, but we will refer 
to S as a critical point of -Fxo,io- The next proposition shows that S is a critical point for 
F^Q^tQ if and only if it is the time —to slice of a self- shrinking solution of the mean curvature 
flow that becomes extinct at the point and time 0. 

Proposition 3.6. S is a critical point for -Fxo,to if and only if if = . 

Proof. It suffices to show that if if = , then the last two terms in (13. 2p vanish for 

every h and every y. Obviously it is enough to show this for xq = and to = 1 and this 
follows from Lemma [3.251 below (or more precisely (13.260 and (13.270 below). □ 

3.3. Identities at self-shrinkers. In this subsection, S C R""*"^ is a smooth embedded 
hypersurface; A, div, and V are the (submanifold) Laplacian, divergence, and gradient, 
respectively, on S. 

We will need below that the linear operator 

1 ( -\A^ 

(3.7) £ = A i; - - (x, Vt') = e~ div ( e^ 

is self-adjoint in a weighted space. That is, the following lemma: 

Lemma 3.8. If S C R""*"^ is a hypersurface, u is a function with compact support, and 
f is a function, then 

(3.9) I u{Cv)e^ = - [ {Vv,Vu)e^ . 

Proof. The lemma follows immediately from Stokes' theorem and (13. 7p . □ 

The next corollary is an easy extension of Lemma [3.81 used later to justify computations 
when E is not closed. 

Corollary 3.10. Suppose that S C R"''"^ is a complete hypersurface without boundary. If 
M, V are functions with 



(3.11) / {\u\/v\ + \Vu\\Vv\ + \uCv\) < oo . 
then we get 

(3.12) / u{Cv)e-^ = - I {Vv,\/u)e^ 
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Proof. Within this proof, we will use square brackets [■] to denote weighted integrals 

(3.13) [/]= / fe^. 

Given any that is with compact support, we can apply Lemma [3.81 to (f)u and v to get 

(3. 14) [(t)uCv] = - [(l){Wv, Wu)] - [m ( Vt;, V0)] . 

Next, we apply this with = (pj where (pj is one on the intrinsic ball of radius j in S centered 
at a fixed point and (pj cuts off linearly to zero between Bj and -Bj+i- Since and |V0j| 
are bounded by one, 1, and |V0j| 0, the dominated convergence theorem (which 

applies because of fl3.1ip ) gives that 

(3.15) [(pjuCv] [uCv] , 

(3.16) [(j),{Vv,Vu)]^[{Vv,Vu)] , 

(3.17) [n (Vt;, V0)] ^ . 

Substituting this into (13.141) gives the corollary. □ 

We will use Corollary 13.101 in the proof of Lemma [3.251 below. To keep things short, we 
will say that a function u is "in the weighted W^'"^ space" if 

(3.18) y + |Vn|2 + e^ < oo. 

The point is that if u and v are both in the weighted W"^'^ space, then (13.111) is satisfies 
and we can apply Corollary 13.101 to u and v. In particular, since the right side of (I3.12p is 
symmetric in u and v, it follows that 

(3.19) / u{Cv)e^ = / v{Cu)e^. 



The next lemma applies the self-adjoint operator C to natural geometric quantities on a 
self-shrinker; Xi is the i-th. component of the position vector 

Lemma 3.20. If S C R"^^ is a hypersurface with H = then 



(3.21) — 2"^* ' 

(3.22) C\xf = 2n-\x 



2 



Proof. Since Ax = —Hn on any hypersurface and H = on a self-shrinker, we have 

(3.23) Ax, = {-Hn, d,) = ^ (x^, d,) = ^ {x, d,) + ^ (x, {d,f) , 

giving (I3.2ip . Combining this with V|a;p = 2x^ where x'^ is the tangential projection of x 
gives 

(3.24) A|x|^ = 2 (Ax,x) + 2 |Vxp = - \x^\^ + 2n. 

The second claim f l3.22p follows since | (x, V|xp) = {x,x'^) = □ 
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In the rest of this section, we will always assume that S is smooth, complete, 9S = 0, S 
has polynomial volume growth, and H = -^^i^. 

Equations fl3.26p and (13.271) in the next lemma are used in the proof of Proposition 13.61 
whereas (13.281) . (I3.29p . and the corollary that follow the next lemma are first used in the 
next section when we compute the second variation of the F functional at a critical point. 

Lemma 3.25. If S is complete, dT. = 0, S has polynomial volume growth, and H = 
then 



(3.26) / (|a;p - 2n) e^ = 



(3.27) / xe^=0= I x|x|^e^ 



2 



(3.28) / (|x|^-2n(2n + 4) + 16if^) e^ =0. 
Finally, if w G R"^^ is a constant vector, then 

(3.29) {x,wfe^ = 2 / W]^ e 



ri2 -M 

-II „ 4 



Proof. In this proof, we will use square brackets [■] to denote weighted integrals 
(3.30) [f] = f fe^. 



We will repeatedly use that the constant functions, the function Xi, the function {x,w), 
and the function |a;p are all in the weighted W'^''^ space and, thus, that we can apply (the 
self-adjointness) Corollary 13.101 to any pair of these functions. 

To get the first claim (13.261) . use u = 1 and v = |a;p in (13.191) to get 

(3.31) = [l/:|xp] = [2n- , 

where the last equality used that = 2n — |a;p by (13.221) in Lemma 13.201 The first 

equality in (I3.27P follows similarly by taking u = 1 and v = Xi and using that Cxi = —^Xi 
by (^M- 

To get the second equality in (I3.27p . argue similarly with u = Xi and v = |xp to get 

(3.32) — - [xi = Cxi\ = [xi = [xi (2n — |xp)] = — [xi , 

where the last equality used that [xj] = 0. Since the constants in front of the [xi |a;p] terms 
differ, we get that [ojj = as claimed. 

To get (Km . apply (^J2) with u = v= |xp and ([322]) to get 



(3.33) 2n [\x\^] - [\x\^] = [\x\^ C\x\^] 



\V\x 



2|2 



I Tl 

\x 



This gives (I3.28P since \x'^\'^ = |xp — \x-^\'^ = |xp —AH^ and [|a;p] = [2n]. Finally, the 
last claim (I3.29P follows from (13.121) with u = v = {x,w) since C{x,w) = —^{x,w) and 
V(x, w) = w^. □ 
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(3.35) 



\x\ n 
~~ 2 



n 
2 



e 4 



Proof. As in the proof of Lemma I3.25[ square brackets [■] will denote weighted integrals. 
Squaring things out gives 







2 










\ n 




\x\ 


V 4 


~ 2, 


) ~ 2 




_ 4 



— n Ixp + — 2 n 



(3.36) = [n{n + 2)-AH^- n{2n) + n'^ - 2n\ = -4 [H^] 

where the second equality used Lemma [3.25[ 



□ 



4. The second variation of F^^^to and the operator L^^^to 

In this section, we will calculate the second variation formula of the F functional for 
simultaneous variations in all three parameters E, xq, and to- The most important case is 
when S is a critical point where we will use our calculation to formulate a notion of stability. 

As we saw in Section [3], critical points of the F functional are the same as critical points 
for -Fa;o,to where Xq and to are fixed and we vary the hypersurface alone and these are easily 
seen to characterize self-shrinkers and are equivalent to being a minimal hypersurface in 
j^n+i ^ conformally changed metric. In Section \5\ we will see that it turns out that as 
minimal hypersurfaces in the conformally changed metric, they are unstable in the usual 
sense of minimal surfaces (cf. chapter 1 in |CM4j ). Equivalently, every critical point of the 
F functional is unstable if you fix xq and to and vary S alone. 

In spite of this, it is still possible to formulate a natural version of stability for the full F 
functionals. The point is that the apparent instability comes from translating the hypersur- 
face in space and time and our notion of stability will account for this. 



4.L The general second variation formula. In the next theorem, will be a one- 
parameter family of hypersurfaces where the s derivative dgTig will be assumed to be normal 
to Ss for each s. Namely, we assume that dgT^s = / n where / is a function and n is the unit 
normal to Eg (and we have suppressed the s dependence). This allows us to apply Lemma 
13. II for each s and then differentiate with respect to s. 

Theorem 4.1. If is a normal variation of S, Xg is a variation of Xq, and tg is a variation 
of to with 

(4.2) 9s\^=o = /n, ds\^^^Xs = y, and dsl^^^ts = h , 

(4.3) '9«L=o/ = ^^^L=o^^ = y'^ ^«^L=o^^ = ^' ' 
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then setting F" = 9, J gives 



F" = {Anto) 



-n/2 



f L^.tnf + fh 



{x — XQ,n) ^2 k ~ P — "n-to 



^0 



(4.4) 



to 2to ^0 
(x - Xo,n)~ 



2tn 



\x — Xol"^ n 



2tl 



X — Xq 



y) 



2tn / \ 4tQ 2tn / 2tf 



e **o (i/i , 



where Iv^^Q^tQ = A + |y4p — 75|^(x — a;o,V(-)) + 2j^isa (non-symmetric) second order operator. 
Proof. Within this proof, we will use square brackets [-J^ ^ to denote weighted integrals, i.e.. 



(4.5) 



\x — xs\ 



Letting primes denote derivatives with respect to s at s = 0, differentiating (13. 2p gives 



F" 



f [H- 



(4.6) 



+ f H 



{x - Xs,n) 
2t., 



{X - Xq, n) 
2tn 



+ ( ' y) 



h 



Atl 2t 

\x — Xq\'^ n 



2ts 

X — Xq 



2to J ^ 2to 



y) 



> f I H _ {x-Xo,n) \ , / |x-Xop _ j7_\ {x~Xo,y') 
' 2to J \ Atl 2tJ 2to 



Xo,to 



where we used (13.51) to compute the term on the second line. By ( ]A.4p and ( lA.Sp in Appendix 
lAl we have that 



(4.7) 
(4.8) 



H' = -Af-\A\'f. 
n' = -V/. 



Since = / n, we get 

(4.9) {x - Xs, n)' = / - {y, n) - (x - Xq, V/) . 

Hence, since (t^^)' = —ht^"^ and (x^)' = y, we have 



i7 



(x -Xs,n)y 



2t. 



(4.10) 



/- (2/,n) - (x-xo, V/) , h 



-L^o,jo/ + ^(x-Xo,n) + 



2to 



2^2 



(x - Xo,n) 



2to 
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where the second equahty used the definition of L^ofy. The second term is given by 



4^2 



n 



— ] = -h 

2t, 



\X — Xq\ 



{x-xo,fn) {x-xo,y) 



2tl 



2tl 



— ^ h 

2tl 



(4.11) 

For the third term, observe that 
(4.12) 



^ (x - Xq, n) ^ 



2tl 



2tl 



2tl 



X — X. 



2t. 



Combining these gives the theorem. 



fn-y- h{x- Xo)/tQ 
2U 



□ 



4.2. The second variation at a critical point. In this subsection, we speciahze our 
calculations from the previous section to the case where S is a critical point. 

In the next theorem and throughout the remainder of this paper we let L = Lq i be the 
(non-symmetric) second order operator 



(4.13) 



L = C+\A 



2 + i=A + |A|2 



^(x,V(.)) + ^ 



Theorem 4.14. Suppose that S is complete, 9S = 0, S has polynomial volume growth, 
and S is a critical point for Fo,i. If is a normal variation of S, Xg, tg are variations with 
xo = and to = 1, and 



(4.15) a 

then setting F" = d. 



ls=0 ■ 



/n, ds 



s=0 



X a 



y, and ds\^^^ts = h. 



(4.16) 



s=0 

F" = (47r)""/2 



(i^x.,t,(S,)) gives 



-fLf + 2fhH-h^H^ + f{y,n) 



{y, n)^ 



e 4 dfi . 



Proof. Since S is a critical point for Fq i, we have by (13.21) that 
(4.17) H=^-^. 



Within this proof, we will use square brackets [■] to denote weighted integrals: 
(4.18) [g] = (4vr)-t 



(^e 4 cljj, 



It follows from Lemma [3.251 that 

|2 

(4.19) 



\x\ 



and [x] = [x |xp] = . 



Theorem 14.11 (with xq = and to = 1) gives 



F" 



(4.20) 



+ 



fLf + fh{x,n)-h' 
Ixr n \ 1 



\x\ 



n 



+ f{y,n) 



2 



h {x,y) 



h 



{x,y) 
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where we used f l4.17p and (14.191) to see that a number of the terms from Theorem 14. II vanish. 
Squaring out the last term and using fl4.17p and (14.191) gives 

|2" 



F" 



n 



-fLf + 2fhH-^h' + f{y,n) 



(4.21) 



T 



h 



\y\ 

2 

\x\ 



Using the last two equalities in (I4.19p . we see that the last term in (I4.2ip vanishes and 
thus 

2 

-fLf + 2fhH + h' "^'^ 



F" 



\x\ 



^ + / (y, n) - — + - (x, yf 



(4.22) 



-fLf + 2fhH-h'H^ + f{y,n) 



where the second equality used Corollary 13.341 and (13.290 . 



□ 



4.3. F-stable self-shrinkers. We will say that a critical point S for Fq i is F-stable if for 
every normal variation /n there exist variations of Xq and to that make F" > 0. 

Roughly speaking, E is stable when the only way to decrease the Fq^i functional is to 
translate in space or time. It is easy to see that the sphere of radius \/2n is F-stable in 



Lemma 4.23. The n-sphere of radius v2ri in R""*"^ is F-stable. 

Proof. Note that x^ = 0, A is l/^/2n times the metric, and L = A + 1. Therefore, by 
Theorem 14.141 the lemma will follow from showing that given an arbitrary normal variation 
/n, there exist /i G R and y G R""*"^ so that 

-f (Af + f) + V2^fh-^h' + f{y,n)- 



(4.24) 



> 0. 



Recall that the eigenvalues of the Laplaciaio on the n-sphere of radius one are given by 
k"^ + {n — 1) k for k = 0,1, . . . with corresponding to the constant function and the first 
non-zero eigenvalue n corresponding to the restrictions of the linear functions in R"+^. It 
follows that the eigenvalues of A on the sphere of radius \/2n are given by 

k^ + {n-l)k 



(4.25) 



[n - 
'2n 



with /io = corresponding to the constant functions and /ii = | corresponding to the linear 
functions. Let E be the space of W^''^ functions that are orthogonal to constants and linear 
functions; equivalently, E is the span of all the eigenfunctions for /i^ for all k >2. Therefore, 
we can choose a G R and z G R"''"^ so that 



(4.26) 



fo = f-a-{z,n)eE, 
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See, e.g., (14) on page 35 of Chavel, |Cal 
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Using the orthogonality of the different eigenspaces, we get that 

-/(A/ + /)>(/i2-l) / /o' + (/ii-l) / (^,n)2 + (/io-l) 

1 
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(4.27) 



1 

n 



/o 



{z,ny 



Again using the orthogonahty of different eigenspaces, we get 



(4.28) 



^fh + f{y, n) 



2nah + {z, n) (y, n) 



Combining (14.27^ and (14.28^ . we get that the left hand side of (I4.24p is greater than or equal 
to 

ll-l^z,nf-a^ + V2^ah--h^+{z, n) {y, n) - 



(4.29) 



^-l{{z,n)-{y,n)f 
n I 



n h 



V2 



This can be made non-negative by choosing y = z and h = 



We will prove the following converse: 



□ 



Theorem 4.30. The n-sphere of radius v2n is the only (smooth) embedded closed F-stable 
hypersurface in R"+^ for any n > 2. 

In the non-compact case, we show: 

Theorem 4.31. The n-plane is the only complete (smooth) embedded non-compact F-stable 
hypersurface in R""*"^ with no boundary and polynomial volume growth. 

We will prove Theorem 14.301 in Section [B] and then prove Theorem 14.311 in Section O 
Theorem 10.161 from the introduction follows from combining Theorems 14.301 and 14.311 



5. ElGENFUNCTIONS AND EIGENVALUES OF L 

Throughout this section, E C R""*"^ is a smooth hypersurface without boundary, H = -^^^ 
and 

(5.1) L = A + |Ar + i-l(x,V(-)) 

is as in Theorem 14.141 

In this section we will show that H and the translations are eigenfunctions of L. We will see 
that the eigenvalue corresponding to -ff is — 1, whereas the eigenvalue corresponding to the 
translations (in space) is — |. We will also see that in a weighted space these eigenfunctions 
are orthogonal. In fact, orthogonality is a direct consequence of that they are eigenfunctions 
corresponding to different eigenvalues and that in a weighted space the operator L is self- 
adjoint. Namely, we show the following theorem: 
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Theorem 5.2. The mean curvature H and the normal part (f , n) of a constant vector field 
V are eigenfunctions of L with 

(5.3) LH = H and L{v, n) = ^ {v, n) . 
Moreover, if S is compact, then L is self-adjoint in the weighted space and 

(5.4) - J {ui Lu2) = J (^{Vui,Vu2) - \A\^uiU2-^uiu-^ . 

Once we have this, then we can use a theorem of Huisken together with the usual charac- 
terization of the first eigenvalue to conclude that if S is a closed F-stable self-shrinker, then 
E must be a sphere. 

5.1. H and (f,n) are eigenfunctions of L. 

Lemma 5.5. L H = H and L {v, n) = | {v, n) for any constant vector field v. 

Proof. Letting ej be an orthonormal frame for S and differentiating H = | (x, n) as in 
theorem 4.1 of |H3] (which has a different normalization) gives 

(5.6) 2Ve,H= (ci, n) + (x, Ve,n) = -aij {x, ej) , 

where the first equality used that VeX = e for any vector e and the second equality used 
f lO.igp . Working at a point p and choosing the frame Cj so that Vj,ej(p) = 0, differentiating 
again gives at p that 

(5.7) 2 Ve, H = -ttij^k {x, ej) - aij (e^, ej) - aij {x, Ve^,ej) . 
Using that V^.e^ = at p, the last term in (15.71) can be rewritten as 

(5.8) - ttij (x, Ve^Cj) = -ttij (x, ttkj n) = -2 Haijakj . 

Taking the trace of (15. 7p . using Codazzi's equation (i.e., aij^i = aaj = —Hj] see, e.g., (B.5) 
in [SI]), and substituting (15.81) gives at p that 

(5.9) 2AH={x,VH) + H-2\A\^H, 
and, thus, 

(5.10) LH = AH +\A\^ H -^{x,VH) = H . 

Since p is arbitrary and (15.101) is independent of the frame, we conclude that L H = H. 
Fix a constant vector v G R"+^ and set / = {v, n). We have 

(5.11) VeJ = {v, Ve,n) = -aij {v, ej) . 

Working again at a fixed point p and choosing the frame as above, differentiating again and 
using the Codazzi equation gives at p that 

(5.12) Vefe Ve,/ = -aik,j {v, Cj) - aij {v, ajk n) . 
Taking the trace gives 

(5.13) Af={v,VH)-\A\'f. 
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(Note that we have not used the self-shrinker equation for H in (15.131) . but we will use it 
next.) From (15.61) . we know that 

(5.14) {v, VH) = (x, ej) a^j {v, e,) = ^{x, V/) , 

where the last equality used (15. lip . Substituting this back into (I5.13p . we finally get that 
Lf = Af + \A\y + lf-l{x,Vf) = lf. □ 

Proof, (of Theorem 15. 2p . The two claims in (15.30 are proven in Lemma [5.51 Self-adjointness 
of L in the weighted space follows immediately from Lemma 13. 8[ □ 

5.2. The eigenvalues of L. Recall that we will say that yU G R is an eigenvalue of L if there 
is a (not identically zero) function u with Lu = —^u. The operator L is not self-adjoint 
with respect to the L^-inner product because of the first order term, but it is self-adjoint 
with r esp ect to the weighted inner product by Theorem 15. 2[ In particular, standard spectral 
theorjo gives the following corollary: 

Corollary 5.15. If E C R""*"^ is a smooth closed hypersurface, then 

(1) L has real eigenvalues yUi < /i2 < . . . with /i^ oo. 

(2) There is an orthonormal basis {uk} for the weighted space with Luk = —fikUk- 

(3) The lowest eigenvalue fii is characterized by 

(5.16) Hi = inf 



/^(|V/p-|A|V^-|/^) e-^ 



where the infimum is taken over smooth functions / (that are not identically zero). 
(4) Any eigenfunction for fii does not change sign and, consequently, if u is any weak 
solution of Lu = —fiiu then m is a constant multiple of Ui. 

Remark 5.17. There is a corresponding result when S is not closed. In this case, we choose 
a smooth open subset C S with compact closure and restrict to functions with compact 
support in Q. In this case, (1) and (2) are unchanged, the infimum in (3) is over smooth 
functions with compact support in Q, and (4) is for Dirichlet eigenfunctions (i.e., ones that 
vanish on dQ). 

6. Spheres are the only closed F-stable self-shrinkers 

We now have all of the tools that we need to prove that spheres are the only smooth, 
embedded closed self-shrinkers that are F-stable (this is Theorem 14.301) . 

Proof, (of Theorem l4.30[ ) Since S is closed, the mean curvature H cannot vanish identically. 
By Huisken's classification, |H3j . it suffices to show that H does not change sign (by the 
Harnack inequality, it is then positive everywhere). We will argue by contradiction, so 
suppose that H changes sign. 



""^^These facts are proven in a similar setting (Dirichlet eigenvalues for divergence operators on smooth, 
bounded open sets in R") in theorems 1 and 2 on pages 335 and 336, respectively, in Evans, |Ev| . The 
proof uses only linear elliptic theory and self-adjointncss and carries over to this setting with standard 
modifications. 
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In order to show that S is unstable, we must find a function / on S so that F" < no 
matter what values of h and y that we choose. Given a variation /n of S, a variation y of 
Xq, and a variation h of t^, Theorem 14.141 gives 

(6.1) F" = (47r)-"/2 j 

We know from Theorem 15. 21 that H is an eigenfunction for L with eigenvalue —1. However, 
since H changes sign, (4) in Theorem 15. 151 implies that —1 is not the smallest eigenvalue for 
L. Thus, we get a positive function / with Lf = fi f where fi > 1. Since L is self-adjoint 
in the weighted space by (15.41) . we see that / must be orthogonal to the eigenspaces 
with different eigenvalues (this is (2) in Theorem 15.151) . Therefore, by Theorem 15.21 / is 
orthogonal to H and the translations, i.e., for any y G R""*"^ we have 

(6.2) 0= / fHe^= [ f{y,n)e=^. 
Substituting this into (16. ip gives 

(6.3) {A-kY/^F"= f 
Since /i > 1 is positive, it follows that F" < for every choice of h and y as desired. □ 

7. Entropy 

The entropy A(S) of a hypersurface S is defined to be 
(7.1) A(E)= sup F,o,*o(S). 

Even though the supremum is over non-compact space-time, we will see that this supremum 
is achieved on two important classes of hypersurfaces: compact hypersurfaces with A > 1 
and self-shrinkers with polynomial volume growth. 

7.1. The entropy is achieved for compact hypersurfaces with A > 1. We will need a 
few simple properties of the F functionals that we summarize in the following lemma: 

Lemma 7.2. If E C R""*"^ is a smooth complete embedded hypersurface without boundary 
and with polynomial volume growth, then 

(1) Fa-Q jg(S) is a smooth function of Xq and to on R""^^ x (0, oo). 

(2) Given any > and any xq, we have dt^F^Q^toO^) ^ sup^^ H^. 

(3) For each xq, limto^o -^xo,to(^) is 1 if Xq G S and is otherwise. 

(4) If S is closed, then A(S) < oo. 

Proof. Property (1) follows immediately from differentiating under the integral sign and the 
polynomial volume growth. 

Since the hypotheses and conclusion in (2) are invariant under translation, it suffices to 
do the case where xq = 0. The first variation formula (Lemma 13. II) gives 



-fLf + 2fhH-h'H' + f{y,n) 



-ffif-h'H' 



{y, n)^ 



e 4 < 
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Since A|xp = 2n -2H{x,n) and Ae-^ = e-^ (A/ + |V/p), we have 

^ . -Mi |a:^P 2n H (x,n) IxP — 2ntn k"*"!^ H (x,n) 
e 4to A e ""0 = ^ ^ — '- = — — H — — '- 

4tg 4to 2to Atl 2to 

where the inequahty used 2ab < a"^ + b"^. Since S has polynomial volume growth and the 
vector field Ve ""o decays exponentially, Stokes' theorem gives 

(7.5) 9i„Fo,t„(S) > -(47rto)-^ / ^e'^ > -^F,.„,,„(S) sup > sup H\ 

Js 4 4 E 4 s 

where the last inequality used that, by definition, A(S) > Fx^^^tg{T,). 

Property (3) is a standard consequence of the fact that smooth hypersurfaces are approx- 

imated by a hyperplane on small scales (the function (47rto)~^ e '"o is a heat kernel on a 
hyperplane through xq and has integral one on the hyperplane independent of to)- 

To see property (4), observe that since S is smooth and closed there is a constant V > 
so that for every xq and for every radius R > 

(7.6) Vol (Bnixo) n S) < V i?" . 
Property (4) follows easily from this. 

□ 

Lemma 7.7. If S C R""*"^ is a smooth closed embedded hypersurface and A(S) > 1, then 
there exist xq G R*^"*""^ and to > so that A = Fx^^toi^)- 

Proof. For each fixed to > 0, it is easy to see that lim|^.(j|^oo ^xo,to{^) = by the exponential 
decay of the weight function together with the compactness of E. In particular, for each 
fixed to > 0, the maximum of F^Q^toi^) is achieved at some xq. Moreover, the first variation 
formula (Lemma 13. II) shows that this maximum occurs when the weighted integral of (x — xo) 
vanishes, but this can only occur when Xq lies in the convex hull of S. It remains to take 
the supremum of these maxima as we vary to, i.e., we must show that the F functionals are 
strictly less than A(E) when to goes to either zero or infinity. 

It is easy to see that F^^^t^^T,) goes to zero (uniformly in xq) as to ^ oo since 

(7.8) i^xo,to(S) < (47rto)^^Vol(S). 

Fix an e > with 1 + 3e < A(S). Given any x, property (3) in Lemma (7.21 gives a t^; > 
so that Fx^toiX') < 1 + e for all to < tr^. Using the continuity (in x) of F^^t^^T,) and the 
compactness of S, we can choose a finite collection of points Xj, positive numbers ti < 
(with C2 from (2) in Lemma [7.21) . and radii r, > so that 

• S C \JiBrXXi)- 

• For every x G B2rX^i)y "we have F^^ai^) < 1 + e. 

If we let f be the minimum of the r^'s and let t be the minimum of the tj's, then property 
(2) in Lemma [7.21 gives for any xq in the f tubular neighborhood of S and any to < t that 

(7.9) F.o,to(S) < F.o,t.(.„)(S) + C2 (t,(.„) - to) < 1 + 2e , 
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where i{xo) satisfies xq C -B2ri(^|^) (a^i(a;o))- ^ follows that F^^^toiX') is strictly less than A for 
to sufficiently small and the lemma follows. □ 

7.2. The entropy is achieved for self-shrinkers with polynomial volume growth. 

The next lemma shows that, for a self-shrinker S with polynomial volume growth, the 
function (a;o,to) ~^ Fxo,to{^) has a strict (global) maximum at Xq = 0,to = 1, unless S splits 
off a line isometrically. Most of the proof is concerned with handling the case where S is 
non-compact; when S is closed, the lemma is an easy consequence of Huisken's monotonicity 
for the associated self-similar flow (cf. section 8 of |W4j ) . 

Lemma 7.10. Suppose that S is a smooth complete embedded self-shrinker with 9S = 0, 
polynomial volume growth, and S does not split off a line isometrically. Given e > 0, there 
exists 5 > so 

(7.11) sup {F,„,to(S) I |xo| + I logtol > e} < A - 5 . 

Proof. We will prove first that the function (xo,to) -^xo,to(^) has a strict local maximum 
at (0, 1). We do this by showing that (0, 1) is a critical point (in fact, the only critical point) 
and then showing that the second derivative at (0, 1) is strictly negative. The bulk of the 
proof is then devoted to showing that the function is decreasing along a family of paths 
that start at (0, 1) and run off to infinity (or time goes to zero) and whose union is all of 
space-time. 

Since S is fixed and has polynomial volume growth, we may think of Fx^.t^i^) as a smooth 
function of Xo and to- Since S is a self-shrinker, it follows from Proposition 13.61 that the 
R"+^ X R-gradient of this function vanishes at xo = and to = 1. 

The second variation formula (Theorem 14. 141) with = S gives that the second derivative 
of F^^^ts (^) at s = along the path Xs = sy,ts = l + sh is 

(7.12) - (47r)-"/2 ^ (^h' + ^ j e"^ dfj. . 

This expression is clearly non-positive. Moreover, the second term vanishes only when y is 
everywhere tangent to S; this can happen only when y = since S does not split off a line. 
Likewise, the first term can vanish only when h = or when S is a minimal cone; the latter 
does not occur here since hyperplanes are the only smooth minimal cones. We conclude that 
FxQfy{T,) has a strict local maximum at xo = and to = 1. Thus, the lemma will follow from 
the following claim: 

Claim: If we fix y G R"'^^ and a G R and then define g{s) by 

(7.13) gis) = Fsy^i+as^i^) , 

then g'{s) < for all s > with 1 -|- as"^ > (the second condition is automatic for a > 0). 
The rest of the proof will be devoted to proving the claim. 

Preliminaries: weighted spaces and self-adjoint operators: We will use square 

brackets [-J^ to denote the weighted integral [f]^ = (47rts)^2 f e with Xs = sy 

and tg = 1 + a s"^ and define the operator Cs 



\x — x I 

(7.14) CsV = - { ,Wv) = diY [e ' \jy 



|2 
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A slight variation of the proof of Corollary 13.101 gives that 

(7.15) -[uC,vl=[{Vu,Vv)l 

whenever u and v are functions with [|m Vu| + |Vm| \Vv\ + |M£st'|]g < oo. 

To apply this, we will compute Cg on {x,y) and \x\'^ (cf. Lemma (3.201 where we did this 

for s = 0). First, since V{x, y) = y'^ and A(a;, y) = —H (n, y) = — i^n, y) - 
get 



2 ' 



we 



(7.16) 



X — X 



2Cs {x,y) = -{x,y^)-{^^,y'). 



Similarly, using V \xf = 2x'^ and A|xp = 2n — \x-'-\'^ by f l3.24p gives 
(7.17) A \x\" = 2n- \x^r - (- 



1 2 n I 1 1 2 1^ T\ 



It follows from the polynomial volume growth and f l7.16p that we can apply (17. 15p with 

u = 1 and V = {x, y) to get 



(7.18) 



Similarly, the polynomial volume growth and (17.17^ allow us to apply ( 17.15^ with u = 1 and 

V = Ixp to get 



(7.19) 



[{{X-Xsf,x'^)]^=ts 



2n — \x 



The derivative of g: The first variation formula (Lemma 13. ip gives 



(7.20) 



t' 



n 



U1 2t 



77- + 



{x-Xs,y) 
2U 



It is useful to set z = X — Xs so that x = z + sy. Using (17.180 . we compute the weighted 
inner product of y'^ and z"^: 



(7.21) 



[{(z + sy)\y^)]^ = -\{z\y'-) + s \y 



Similarly, we can rewrite (17.190 as 



(7.22) 



+ s 



2n-\z^\ -2s{z^,y^)-s^y 



J s 

Using (I7.2ip to evaluate the (2;^, y^) term on the left gives 



(7.23) 



{z^,y^) + s \y' 



2n-\z^\ - s{y^,z^) 



2n-\z^\ -2s{z^,y^) -s^\y' 
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Using (17.231) . the first term in (17.201) can be written as 



n 



(7.24) 



A. 

Us 

A. 

4t. 



.,T\2 



+ 



2n 



--1) \z^\^-s{y\z-) 



Similarly, using (17.211) . we can rewrite the second term in (17.201) as 



(7.25) 





1 


. . 


."2 . 



Since we set ts = I + as"^, we have t' = 2as and 



1 
2 



1 {z^,y^)-s\y' 



(7.26) 



so the cross-terms (i.e., the {z-^,y-^) terms) are equal in (17.241) and (17.251) . This gives 



(7.27) 





t's 




4t, 


the {z^,y^ 




-) 


2s 


2 2 

a s 


2s 


\as z 



2 \t 



1 



-2a s^ 



^]^-4as2 [{z^,y^)]^-2sts 



This is clearly non-positive for all a G R, y G R"'^^, and s > with ts > 0. 



□ 



7.3. The equivalence of F-stability and entropy-stability. We can now prove that 
F-stability and entropy-stability are equivalent for self-shrinkers that do not split off a line 
isometrically. Within the proof, we will need the following elementary lemma: 

Lemma 7.28. There is a constant C„ depending only on n so that if S C R"+^ is a complete 
hypersurface, then for any xq G R"^^ and to > 

(7.29) (47rto)"^ / Ix]' e~^^ < 2 A(S) (C, to + koT) • 

Proof. We can assume that A(S) < oo since there is otherwise nothing to prove. The 
translation and dilation x —>■ y = takes S to S with dfi^, = to dfif^ so that 



(4vrto 



\x\'^ e ^'o (i/is = (47r) 



|2 \y\ 

^toy + xol e 4 dfif^ 



(7.30) < 2|xopA(S) + 2to(47r)^2 

To bound the second term by the entropy, note that 

(7.31) (47ri?2) 2 e^4 Vol(5^,nS) < Fo,^j2(S) < A(S) . 



|2 7 

y\ e 4 d/ig- 
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Using this volume bound and chopping the integral up into annuli -Bj+i \ Bj gives 

(7.32) (47r)-5 y^|y|2e"^ci/i^<eU(S) ^(^e"^ (j + l)"+2^ =C'„A(S), 

where C„ depends only on n. The lemma follows from these bounds and the invariance of 
the entropy under dilations and translations that gives A(S) = A(S). □ 

Proof, (of Theorem 10. 151) . Assume that S is not F-stable and, thus, there is a one-parameter 
normal variation for s G [— 2e, 2e] with Sq = S so that: 

(VI) For each s, the variation vector field is given by a function /^^ times the normal ns^ 

where every /s^ is supported in a fixed compact subset of R*^"*"^. 
(V2) For any variations Xs and tg with xo = and to = 1, we get that 

(7.33) dss\^^,F^^,tA^,)<0. 
We will use this to prove that S is also entropy-unstable. 

Setting up the proof: Define a function G : R"+^ x R+ x [—2 e, 2 e] — > R+ by 

(7.34) G(xo,to,s) = F,.„,i„ (S,) . 

We will show that there exists some ei > so that if s 7^ and |s| < ei, then 

(7.35) A(S,) = sup G(xo, to, s) < G(0, 1,0) = A(S) , 

and this will give the theorem with S equal to for any s 7^ in (— ei, ei); by taking s > 
small enough, we can arrange that E is as close as we like to Sq = S. 

The remainder of the proof is devoted to establishing (I7.35p . The key points will be: 

(1) G has a strict local maximum at (0, 1, 0). 

(2) The restriction of G to So, i.e., G'(xo,to,0), has a strict global maximum at (0, 1). 

(3) \dsG\ is uniformly bounded on compact sets. 

(4) G{xo,tQ,s) is strictly less than G(0, 1,0) whenever |a;o| is sufficiently large. 

(5) G{xo, to, s) is strictly less than G(0, 1, 0) whenever |logto| is sufficiently large. 

The proof of ( I7.35P assuming (l)--(5): We will divide into three separate regions de- 
pending on the size of |xop + (logto)^. 

First, it follows from steps (4) and (5) that there is some i? > so that (17.351) holds for 
every s whenever 

(7.36) x^ + (logto)'>i?'. 

Second, as long as s is small, step (1) implies that (17.351) holds when Xq + (logtg)^ is 
sufficiently small. 

Finally, in the intermediate region where a;o + (logto)^ is bounded from above and bounded 
uniformly away from zero, step (2) says that G is strictly less than A(S) at s = and step 
(3) says that the s derivative of G is uniformly bounded. Hence, there exists some €3 > so 
that G{xo,tQ, s) is strictly less than A(S) whenever (a;o,to) is in the intermediate region as 
long as |s| < €3. 

This completes the proof of (17.351) assuming (l)-(5). 

The proof of (l)-(5): 
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Step (1): Since S is a self-shrinker, it follows from Proposition 13.61 that VG vanishes at 
(0, 1, 0). Given y e R"-"*"^ , a G R, and 6 e R \ {0}, the second derivative of G{sy, 1 + as, hs) 
at s = is just IP' dss\g_Q F^^^ts i^s) with Xs = s| and t^j = 1 + | s. In particular, it is negative 
by (V2). On the other hand, by Theorem 14.141 the second derivative of G{sy, 1 + as, 0) at 
s = is given by 

(7.37) (47r)-"/2 / I -a^ - ^ ] dfi . 



Since S does not split off a line, it is not a hyperplane and, thus, H cannot be zero everywhere; 
similarly, \y-^\ can only vanish identically when y = 0. We conclude that the Hessian of G 
at (0, 1,0) is negative definite. It follows that G has a strict local maximum at (0, 1,0), so 
there exists 62 G (0, e) so that 

(7.38) G{xo, to, s) < G(0, 1, 0) if < + (logto)^ + < 

Step (2): If we restrict G to Sq, then Lemma [7.101 gives that G{-,-,0) has a strict global 
maximum at (0, 1, 0). It follows that A(S) = G(0, 1, 0) and there exists 5 > so that 

(7.39) G{xo,to,0) < G{0,l,0)-5 for all xq, to with <xl + (logto)^ 
Step (3): Using the first variation formula (Lemma 13. ip . we get that 

(7.40) G{xo, to, s) = {4n to)"^ ^ (i^E. - ^^^^^) dfij,^ , 

where Hy.^ is the mean curvature of and dfi-^s is the volume measure on E^. Since /s^ 
is smooth and compactly supported and E has polynomial volume growth, dgG is evidently 
continuous in all three variables Xo, to, and s. We conclude that dgG is uniformly bounded 
on compact sets. 

Step (4): Since E^ is a family of surfaces that vary only in a compact set and s is in the 
compact interval [— e, e], there are uniform upper bounds 

(7.41) Vol(E, \ E) < C^/ and max \x\ < G^ . 
It follows that for |xo| > C^; + i? with i? > we have 

G{xo,to,s)<{ATitoy^ / e + / e ^'0 

\JSs\E JE / 

(7.42) < Gy (47rto)-^ e'^ + G{xo, to, 0) . 

n Bp" 

Therefore, if we define functions Ufi{r) = r~ 2 e"^ for r > 0, then for \xo\ > Gx + R we have 

(7.43) G{xo, to, s) < Gy (47r)-t ^^(^0) + G{xo, to, 0) , 

so step (4) follows from step (2) and showing that sup^^o ^r(^) converges to zero as i? ^ 00. 
To see this, note that uji{r) = R~"^ ui (-^) and ui is bounded since it is continuous and goes 
to zero as r goes to either zero or infinity. 
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Step (5): The easy case when to is large follows from step (2) since we always have 

(7.44) G(xo, to, s) < (47r to)-^ Vol(S, \ S) + G(xo, to, 0) < Cy (47r to)"^ + G(xo, to, 0) . 
This estimate also immediately gives a uniform bound for G(xo,to, s) for all to > 1: 

(7.45) sup G{xo, to, s) < Cy (47r)-t + A(S) . 

to>l 

The case when to is close to zero will follow from using that Mmtg^o G{xQ,tQ, s) < 1 for 
each fixed {xq, s) together with a covering argument in (xo, s) (using compactness), and then 
showing that once G{xo, to, s) is small for some to > 0, then it is also small for all t < to. We 
will make this precise next. 

We begin by noting that (by compactness) there is a uniform constant Ch with 

(7.46) sup I sup I < Ch. 

\s\<e Vs,\S 



Arguing as in (17. 5p . we have 

at„G(xo,to,s) > -(47rto)-2 / -^e - [Anto)-^ -p^e 

(7.47) >-A(S) (|xop + C„to) -^G(a;o,to,s), 

where C„ is a constant depending only on n, the second inequality used Lemma 17.281 and 
the self-shrinker equation to bound the first term, and the second inequality used (I7.46P to 
bound the second term. 

By step (4), there exists some _Ro > so that if |a;o| > Ro, then G(xo,to, s) is strictly less 
than A(S). Note that (17.470 gives a constant Co so that if \xo\ < Rq + 2 and to < 1, then 



(7.48) di 



to 



e " ° C(xo,to,s) 



>-Co. 



The point is that Co does not depend on xq, s, or to. One immediate consequence of this 
together with (17.451) is that there is a uniform upper bound A(Ss) < A. 

It follows from step (2) above together with (3) in Lemma [7.21 that C(0, 1, 0) = A(S) > 1, 
so we can fix a > with 

(7.49) l + 3a<A(S). 

Define a constant t^ > by (1 + a) e "i + Co t^ = 1 + 2 a so that for t G (0, t^] 

(7.50) (l + a)e^+Cot< l + 2a. 

Given any x G R"^^ and s G [— e, e], property (3) in Lemma 17.21 gives some tx^s > 
so that G(x, to,s) < 1 + a for all to < t^^s- Using the continuity (in both x and s) of C 
and the compactness of each -B_Ro+i and [— e,e], we can choose a finite collection of pairs 
(xj. Si) G -B_Ru+i X [— e, e], positive numbers tj < min {t^, 1}, and radii G (0, 1) so that 

• For each s G [— e, e] and x G -B/?o+i; there exists i{x, s) so that x G -8,..^^ (a;i(a:,s)) and 

• For each i, we have C(x, tj, s) < 1 + a for every x G B2ri{^i) and s with |s — Sj| < r^. 
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If we let t be the minimum of the tj's, then f l7.48p gives for any s G [— e, e], any x G Bhq, and 
any <i that 

G{x, to, s) < e~5— G{x, to, s) < e G{x, t^^^^), s) + Cq ^) - to) 

(7.51) <l + 2a, 

where the last inequality used (17.501) . i{x, s) satisfies |s — Si(2,.,s)| < r-j, and x C -B2ri(^ ^s^{xi{x,s))- 
It follows that G{x,to, s) is strictly less than A(S) for all to ^ t. 

□ 

Combining Theorem 14.301 and Theorem 10.151 we get that the sphere is the only closed 
entropy- stable self-shrinker: 

Corollary 7.52. Suppose that E C R'^"'"^ is a smooth closed embedded self-shrinker, but is 
not a round sphere. Then S can be perturbed to an arbitrarily close hypersurface E where 
the entropy is strictly less. In particular, S (or a translation of it) cannot arise as a tangent 
flow to the MCF starting from S. 

Proof. Since S is a closed self-shrinker, but is not the round sphere. Theorem 14.301 implies 
that E is F-unstable. Clearly, E does not split off a line, so Theorem 10.151 gives that it is 
entropy-unstable. □ 



8. Self-shrinkers with bounded diameter 

In this section, we will give a short direct proof of Theorem 10. 101 This theorem will follow 
immediately from the main theorem in |CMlj , but the direct proof in this section serves to 
illustrate the key ideas in a simpler case. The results in this section are for surfaces in R^; 
most of the ingredients in the proof work for all dimensions, but the following compactness 
theorem from [CM3] is proven only for surfaces in R^: 

Theorem 8.1. ( [CM3j ). Given a non- negative integer g and a positive constant V, the 
space of smooth complete embedded self-shrinkers E with genus at most g, dT, = 0, and 
the scale-invariant area bound Area (-Bij(xo) fl E) < V for all xo G R^ and all i? > 
is compact. Namely, any sequence has a subsequence that converges in the topology of C'^ 
convergence on compact subsets for any k >2. 

Throughout this section, we will fix a non-negative integer g and a positive constant A; 
these will be bounds for the genus and entropy which will in applications come from bounds 
on the initial surface in a MCF. We will not say so explicitly below, but all constants in this 
section will be allowed to depend on g and A. 

Given a constant D > 0, let Sd = Sg ^j^ denote the space of all smooth closed embedded 
self-shrinkers in R^ with genus at most g, entropy at most A, and diameter at most D. 

As a corollary of Theorem 18.11 we get a smooth compactness theorem for Sd'- 

Corollary 8.2. For each fixed D, the space Se> is compact. Namely, any sequence in So 
has a subsequence that converges uniformly in the C'^ topology (any fixed k) to a surface in 
Sd. 
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Proof. Given E G Sd, the bound on the entropy gives the scale-invariant area bound 

/ , N 1 1 Area (Br(xo) fl S) , . f i^-^pi^ ^ - 

(8.3) (47r)-^e-4 ^-^^ < {^ir R^' / e"^^ < < A. 

Therefore, Corollary 18 . 1 1 gives a subsequence that converges on compact subsets to a (possibly 
non-compact) limiting self- shr inker. However, the limit must have diameter at most D (if 
not, one of the surfaces sufficiently far out in the subsequence would have diameter greater 
than D), so it is closed and also in Sd- D 

The next result is a corollary of the compactness theorem for self-shrinkers together with 
the result that the round sphere is the only closed entropy-stable self-shrinker. 

Corollary 8.4. Given D > 0, there exists e > so that if S G Sd is not the round sphere, 
then there is a graph F over S with A(r) < A(S) — e. 

Proof. Given any Si G Sd that is not the round sphere. Corollary 17.521 gives a graph Si over 
Si and a constant ei > so that 

(8.5) A(Si) < A(Si)-ei. 

It follows from the first variation formula (Lemma 13. II) that Fo,i(Ss) is continuous in s when 
Sg varies continuously in a neighborhood of Si. We can therefore choose a neighborhood 
Ui of Si in the topology so that 

(8.6) min A(S) > min Fo,i(S) > Fo,i(Si) - | = A(Si) - | , 

where the last equality used Lemma [7.101 After possibly shrinking the neighborhood Ui of 
Si, we can assume that each pair of surfaces in f/i are graphs over each other. 

We observe next is an isolated point in Sd with respect to the topology since 
any sufficiently close self-shinker is still closed and mean convex and, thus, a round 
by Huisken's classification, [H3] . In particular, since 5*^ is compact in the topology 
by Corollary 18. 2[ so is Sd \ {S^}. Therefore, we can choose a finite set of self-shrinkers 
J^i E Sd \ {S^}, graphs Sj over Sj, neighborhoods Ui of Sj, and constants > so that: 
. Sd \ {S2} c Uf/, . ^ 

• If S G t/j n Sd, then A(Sj) < A(S) — ei/2 and Sj is a graph over S. 
The corollary follows with e = | mine,. □ 

8.L MCF's that disappear in compact points generically do so in round points. 
We will need the following consequence of Brakke's theorem, [B], or White, [W5j : 







Lemma 8.7. Suppose that Mj is a MCF of smooth closed surfaces in R for t < and S, 
is a closed smooth embedded self-shrinker equal to the t = —1 time-slice of a multiplicity 
one tangent fiow to Mt at (0, 0). Then we can choose a sequence sj > with Sj ^ so that 

(8.8) ^-sj is a graph over Sq of a function uj with ||Mj||c2 — ^ . 



Proof. The main point is to show that Huisken's density is sufficiently close to one on all 
sufficiently small scales for the rescalings of Mt. Once we have this, then Brakke's theorem 
will give uniform estimates and the lemma will follow easily. 
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Fix e > small (to be given by theorem 3.1 in [W5j ) . Since Sq is a smooth closed 
embedded surface, (2) and (3) in Lemma give some f > so that 



(8.9) sup sup F^.o,to(So) <l + e. 

to<r / 

The definition of tangent fiow (see, e.g.. Lemma 8 in [IT] or |W4j ) gives a sequence Sj > 
with Sj so that the rescaled fiows M/ = -p= M±_ converge to the multiplicity-one fiow 

a/— tSg. Let M-'_^ = -i= be the time t = —1 slice of the j-th rescaled fiow. We can 



assume that the M:^^'s converge to Sq as Radon measures and with respect to Hausdorff 
distance (see 7.1 in [12]). 

We will use the convergence together with ( 18.90 to get uniform bounds for the F functionals 
on the Mf_]^'s. To do this, define a sequence of functions gj by 

(8.10) g,{xo,to) = F,,,to{ML^) . 

We will only consider the g/s on the region B x [f/3,f] where B C R'^ is a fixed ball that 
contains So and all of the M:^^'s. It follows from the first variation formula (Lemma 13.11) 
that the gj's are uniformly Lipschitz in this region with 

(8.11) _sup \V^o,to9j\ <C , 

Bx[f/3,f] 

where C depends on f, the radius of the ball B, and the scale-invariant local area bounds 
for the M:^^'s which are uniformly bounded by Lemma [2.91 Since the M-!^iS converge to Sq 
as Radon measures and Eg satisfies (18.91) . it follows from (18. 9p that 

(8.12) lim 5fj(xo,to) < 1 + e for each fixed (xo,to) & B x [f/3,f] . 

Combining this with (I8.1ip and the compactness of i?x [f/3, f], there exists some j sufficiently 
large so that for all j > j we have 

(8.13) _sup F^.o,to(Mii) =_sup gj{xo,to) <l + 2e. 

Bx[f/3,f] Sx[f/3,f] 

By (11.91) (which used Huisken's monotonicity formula), we get for every t > —1 that 

(8.14) F,.„,,(M,^-)<i^xo,io+(m)(M^). 

Hence, if t G (-1 + |, -1 + f ), to < and j > j, then (I813D and (IHrTij) together yield 

(8.15) F.„,,„(M/)<l + 2e. 

This is precisely what is needed to apply theorem 3.1 in [W5j to get uniform C^'" bounds 
on M/ for all t G (—1 + ~1 + ^) some a G (0, 1). We can slightly change the s/s so 
that we instead have uniform C^'" bounds on M-^^. 

Finally, observe that if Ej is a sequence of closed surfaces converging to a closed surface 
So as Radon measures and both the S^'s and So satisfy uniform C^'" bounds, then the S^-'s 
must converge to So uniformly in C^. □ 
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Proof, (of Theorem lO.lOp . We will construct a piece-wise MCF with a finite number of 
discontinuities that eventually becomes extinct in a round point. This comes from doing a 
smooth jump just before a (non-round) singular time, where we replace a time slice of the 
flow by a graph over it, and the crucial point is to show that there is a positive constant 
e > so that the entropy decreases by at least e after each replacement. This will come 
from Corollary 18. 4[ We repeat this until we get to a singular point where every tangent flow 
consists of shrinking spheres. 

Let M° denote the MCF with initial surface Mq and let t^^^ be the first singular time. By 
assumption, all of the tangent flows at t^"'^ are smooth, have multiplicity one, and correspond 
to compact self-shrinkers with diameter at most D. In particular, since the tangent flows 
are compact, there is only one singular point Xq G R^. Let Sq be a self-shrinker equal to the 
t = — 1 time-slice of a multiplicity one tangent flow at the singularity. Since Eq is assumed 
to be smooth, closed, embedded and multiplicity one. Lemma 18.71 gives a sequence Sj > 
with Sj ^ so that 

(8.16) (M^siug_ — xo) is a graph over Sq of a function Uj with ||m,||c2 . 

There are two possibilities. First, if Sq is the round sphere for every tangent flow at xq, 
then fl8.16p implies that M°i„g_ is converging to a round sphere for every sequence sj — > 0. 

Suppose instead that there is at least one tangent flow so that Sq is not the round sphere. 
Then, we can apply Corollary 18.41 to get a graph Fq over Sq with A(Fo) < A(So) — e where 
e > is a fixed constant given by the corollary. When j is sufficiently large, (y^Fg) + Xq is 
a graph over M^^^g and 

(8.17) A((v/s-Fo)+xo) = A(Fo)<A(Eo)-e<A(M°_, )-e, 

where the first equality used the scale invariance of entropy (by (11.81) ) and the last inequality 
used the monotonicity of entropy under MCF (Lemma II. 111) . We then replace M°,„g with 

(y^Fo) + Xq and restart the fiow. Since the entropy goes down by a uniform constant e > 
at each replacement and is non- increasing under MCF, this can only occur a finite number 
of times and the fiow eventually reaches a singularity where all tangent fiows are round. □ 



9. Non-compact self-shrinkers 

In this section, suppose that S C R'"+^ is a complete non-compact hypersurface without 
boundary that satisfies H = '^^^ and has polynomial volume growth. Throughout, L = 
A + |/lp + I — |x ■ V will be operator from the second variation formula for the Fq^i 
functional. 

9.1. The spectrum of L when S is non-compact. Since S is non-compact, there may 
not be a lowest eigenvalue for L. However, we can still define the bottom of the spectrum 
(which we still call /ii) by 



(9.1) /xi = inf 



k{\^f?-\A?P-\P) e-^ 
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where the infimum is taken over smooth functions / with compact support. Since S is non- 
compact, we must allow the possibility that fii = — oo. Clearly, we have that fii < for 
any sub domain f2 C S. 

We show next that /ii is always negative; this result will not be used here, but it is used 
in [CMS]. 

Theorem 9.2. If the hypersurface S C R""*"^ is a smooth complete embedded self-shrinker 
without boundary and with polynomial volume growth, then fii < 



2' 

Proof, (of Theorem 19.21) . Fix a point p in S and define a function f on S by 

(9.3) v{x) = (n(p),n(a;)) . 
It follows that v{p) = 1, \v\ < 1, and, by (15. 3p . 

(9.4) Lv = ^v. 

When E is closed, it follows immediately that fii < — |. However, if E is open, then we 
cannot use f as a test function to get an upper bound for /ii. To deal with this, given any 
fixed /i < — |, we will use v to construct a compactly supported function u with 



(9.5) 



(mLm + /iM^) e 4 < . 



Given any smooth function rj, we have 



(9.6) 



L{rjv) = r] Lv + V Cr] + 2(V?7, Vv) = -rjv + v Ct] + 2{Vri, Vv) 



where £ = A — ^x-Vis the operator from Lemma [3. 8[ Taking r] to have compact support, 
we get that 



rjv L{riv) e 



< 



(9.7) 



1 1 



where the equality came from applying Lemma [3.81 to get 



(9.8) 



-(Vr/^V^;2)e— = -- 



{v^ Crf) e^ = - I v^7]Cr]+ | Vr^H e^ 



M: 



If we take rj to be identically one on Bji and cut it off linearly to zero on -B_r+i \ Br, then 
f l9Tl) gives 

_i^|2 r _|^|2 

[r] V L{ri v) + ^ r]'^ v'^~\ e * <(1 — /u) / f^e^ 



(9.9) 



e 4 



However, since |f | < 1 and E has polynomial volume growth, we know that 



(9.10) 



lim 



2 -1"=! 

f e 4 



0. 



Combining this and (| + yu) > 0, we see that the right-hand side of (19. 9p must be negative 
for all sufficiently large i?'s. In particular, when R is large, the function u = rjv satisfies 
(19. 5p . This completes the proof. □ 
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The main result of this subsection is Theorem 19.361 below which shows that the bottom of 
the spectrum of L is strictly less than —1 if the mean curvature changes sign. 

The following standard lemma shows that we get the same /ii if we take the infimum over 
a broader class of functions. 

Lemma 9.11. When S is complete and non-compact, we get the same /ii by taking the 
infimum over Lipschitz functions / satisfying 

(9.12) + |V/r + |A|V^)e-^<oo. 

Proof. By standard density arguments, we get the same /ii if we take the infimum over 
Lipschitz functions with compact support. Let 0j be a Lipschitz cutoff function that is 
identically one on Bj and cuts off to zero linearly between OBj and dBj^i. Given any 
function / (not identically zero) that satisfies ( I9.12p . we set fj = (pj f. It follows from ( 19.12^ 
and the monotone convergence theorem that 

2 I A\2 r2 l /■2 1 „- , / / |V7/'|2 l a\2 r2 ^ /■2 * -^-^ 



(9.13) (^IV/jl^ - |7l| V/ - 2 // j e--^ ^ J^^^\vf\'-\A\'f'--f 

(9.14) ///e-^- /fe-^, 



e 



and the lemma follows from this. □ 

The next lemma records integral estimates for eigenf unctions that are either in the weighted 
W^'"^ space or are positive. 

Lemma 9.15. Suppose that / is a function with L f = —fif for /i G R. 

(1) If / is in the weighted W^'^ space, then |y4| / is in the weighted space and 

(9.16) 2 f\A\' f e-^ </((!- 2/i) f + 4 | V/p) e"^ . 

(2) If / > and (p is in the weighted W^'^ space, then 

(9.17) [ 02 (|A|2 + |Vlog/|2) e-^ < / (4|V0p-2/i02) e-^. 

Proof. Within this proof, we will use square brackets [■] to denote the weighted integrals 

[/] = J^fe~~ djjL. We will also use the operator £ = A — ^ a; ■ V from Lemma 13. 8[ 

Proof of (1): If is a smooth function with compact support, then self-adjointness of 
£ = A — I a: ■ V (Lemma 13.81) gives 



(9.18) [(V0^V/2)] =-[02£f] =-2 



where the last equality used that Cf^ = 2 |V/p + 2f Cf and 



n . / , .,2 1 



(9-19) Cf={L-\A\'--]f = -{f^+\A\' + -]f. 
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Assume now that < 1 and |V0| < 1. Rearranging the terms in f lQ.lSp and using Cauchy- 
Schwarz gives 

(9.20) [<f (1 + 2/i + 2 \A\') f] =A[<t>f V/)] + 2 [<f | V/p] < 2 [f] + 4 [| V/p] . 

Finally, applying this with = 0j where 0j is one on Bj and cuts off linearly to zero from 
dBj to dBj+i, letting j oo, and using the monotone convergence theorem gives fl9.16p . 
Proof of (2): Since / > 0, log / is well-defined and we have 

(9.21) Clogf = -|Vlog/p + ~ y ' = - |Ap - 1 - |Vlog/p. 

Suppose that 77 is a function with compact support. As in (1), self-adjointness of C (Lemma 
13. 8p gives 

(9.22) [(Vr/2,Vlog/)] =-[r/2/:iog/] = r]^ (^^ + \A\' + ^ + \V log f\' 
Combining this with the absorbing inequality 

(9.23) V log /) < 2 | Vr/p + ^ r/^ | V log , 
gives that 

(9.24) [v' (|Ap+|Vlog/p)] < [A\Vv\'~2fiv'] ■ 

Let Tjj be one on Bj and cut off linearly to zero from dBj to dBj^i. Since is in the 
weighted W^'"^ space, applying (19.240 with t] = rjj 0, letting j — > 00, and using the monotone 
convergence theorem gives that (19.241) also holds with rj = cf). □ 

We will need the following characterization of the bottom of the spectrum when S is 
non-compact that generalizes (4) in Theorem 15. 151 

Lemma 9.25. If yUi 7^ —00, then there is a positive function n on S with Lu = —fiiu. 
Furthermore, if v is in the weighted W^''^ space and Lv = —fii v, then v = C u for C G R. 

Proof. Within this proof, square brackets [■] denote the weighted integrals [/] = j\^fe~~ dfi. 
We will use the operator £ = A — | x • V from Lemma 13.81 and Corollary 13.101 

Part 1: Existence of u: Fix a point p G S and let Bk denote the intrinsic ball in E with 
radius k and center p. For each k, Theorem 15.151 implies that the lowest Dirichlet eigenvalue 
^i{Bk) is a real number and can be represented by a positive Dirichlet eigenfunction Uk on 
Bk with 

(9.26) Luk = -fLi{Bk)uk 

and, after multiplying m^. by a constant, we can assume that Uk{p) = 1. By the domain 
monotonicity of eigenvalueo, we know that iii{Bk) is a decreasing sequence of real numbers 
with [ii{Bk) > fJ.1 for each k. Furthermore, it is easy to see that 

(9.27) lim fxi{Bk) = /ii > -00 , 

fc— >oo 

where the last inequality is by assumption. The Harnack inequality gives uniform upper 
and lower bounds for the UkS on compact sets. Combining this with elliptic estimates. 



12i 



This follows immediately from the variational characterization (2) and uniqueness (4) in Theorem l5.15l 
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we get uniform C bounds on the u^s on each compact set so that Arzela-Ascoh gives a 
subsequence that converges uniformly in to a non-negative entire solution uoiLu = —fii u 
with u{p) = 1. Another application of the Harnack inequality gives that u is positive. 

Part 2: Weighted integral estimates: Since v is in the weighted W^'^ space, we can 
apply part (1) of Lemma [9.151 to v to get that \A\ v is in the weighted space. Using the 
equation for Cv 



(9.28) £v= i^L-\A\'^-^j v = -{^l^ii + \A\' 
it follows that 

(9.29) [\v\^ + \Vv\^ + \v Cv\] < oo . 

Since v is in the weighted W^'"^ space, we can apply (2) in Lemma [9.151 with f = u and (f) = v 
to get that \A\v and |Vlogu| v are in the weighted space. We conclude that 



\ I V. 



(9.30) 



\v'^ \C logwl] 



/ii 



1 ' ■ |2 , lr7 I |2 



2 + W 



I V logwl 



< oo . 



Since 2i;^|VlogM| < v'^ + v'^ |VlogMp and \ Vv'^ \ |VlogM| < |Vf p + t"^ |VlogMp, we conclude 
(9.31) [i;^|Vlogn| + |Vlogn| + v"^ \C \ogu\] < oo . 

Part 3: Uniqueness: Since v'^ and logM satisfy fl9.3ip . Corollary 13. 101 gives 

1 



(9.32) 



[(V^;^ Vlogw)] =-[0"^ C \ogu\ 



/ii 



\A\ 



I V logwl 



where the second equality used the equation for C \ogu. Similarly, (19.291) allows us to apply 
Corollary 13.101 to two copies of v and get 



(9.33) 



[|Vtf] =-[vC: 



Ul 



V V log u — Vf = 



□ 



where the second equality used the equation fl9.28p for Cv. Substituting (19.331) into (19.321) 
and subtracting the left-hand side gives 

(9.34) 0= [v'^\V\ogu\^ -2{vV\ogu,Vv) + \Vv\^] = [\vVlogu-Vvf] . 
We conclude that 
(9.35) 

which implies that ^ is constant 

We have already seen that the mean curvature H is an eigenfunction of L with eigenvalue 
— 1. The next theorem shows that if H changes, then the bottom of the spectrum /ii is 
strictly less than —1. 

Theorem 9.36. If the mean curvature H changes sign, then fii < —1. 

Proof. Clearly, we may assume that fii ^ —00. 

Step 1: H, |ViJ|, and 1^41 \H\ are in the weighted space. The polynomial volume 



growth of S and the self-shrinker equation H 



immediately yield that H is in the 



weighted L space, so we must show that \VH\ and \H\ \A\ are also in the weighted L 
space. 
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Since fii ^ — oo, the first part of Lemma [9.251 gives a positive function u with Lu = —fii u. 
Using this u in Part (2) of Lemma [9.151 gives 

(9.37) I 0^|A|2e-^< I (4|V0p-2/ii02) e"^, 

where <^ is any Lipschitz function with compact support. If we take (/) to be |x| on B^i and 
cut it off linearly between dB^i and dB2R, so that | V0| < 1 and 0^ < then we get 

(9.38) [ \A\^ \x\^ e--^ < [ (4 + 2 e"^ . 

The right-hand side of (19.381) is independent of R and is finite since E has polynomial volume 
growth. Thus, taking R oo and applying the monotone convergence theorem implies that 

(9.39) / \A\^\x\^e-^ < / (4 + 2 jxl^) e~^ < oo . 
Jt Jt 

Using the self-shrinker equation H = -^^^j we showed in (15.60 that 2 Ve, H = —aij (x, ej) so 
that 

(9.40) 4|Vii'|' < I^Hxp and \A\^ < \A\'' \x\\ 

Consequently, (19.391) implies that \VH\ and |y4| \H\ are in the weighted space as desired. 

Step 2: /ii < — 1. We will show this by using if as a test function in the definition of /ii; 
this is allowed by Lemma [9.111 since we showed in step 1 that H, |Vif|, and \A\ \H\ are in 
the weighted space. We will need that, by Theorem 15.21 

(9.41) CH + (^\A\^ + H = LH = H , 

so that HCH is in the weighted space. Consequently, we can apply Corollary 13.101 to 
two copies of if to get 

(9.42) j \VH\'e-^ = - j^{Hj:H)e--^ = j^H^ (^^-lA]''^ e-^ , 

so we get that /ii < — 1 as claimed. 

Step 3: /ii 7^ — 1. If we did have that fii = —1, then the positive function u in the first 
step and H would both be eigenfunctions for L with the same eigenvalue fii = —1. Since 
we have shown that H is in the weighted W^''^ space, the second part of Lemma 19.251 gives 
that H must be a constant multiple of u. However, this is impossible since u is positive and 
H changes sign. 

□ 

9.2. Constructing unstable variations when fii < —1. We have shown that if H changes 
sign, then E has fii < —1. When S was closed, it followed immediately from this and 
the orthogonality of eigenfunctions with different eigenvalues that S was unstable. This 
orthogonality uses an integration by parts which is not justified when S is open. Instead, 
we will show that the lowest eigenfunction on a sufficiently large ball is almost orthogonal 
to H and the translations. This will be enough to prove instability. 
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In this subsection, we will use square brackets to denote a weighted integral over a 
set X C R"+^ 

(9.43) [f]^= [ fe-^dfixn^. 

We will use this notation when X is a ball Br, the boundary dBr of a ball, or an annulus 

The next lemma shows that two eigenfunctions of L with different eigenvalues are almost 
orthogonal when one of them vanishes on the boundary of a ball, the other is small in a 
neighborhood of the boundary, and the radius is large. 

Lemma 9.44. Suppose that hi{Br) e [—3/2, —1) for some R > 3, Lu = —iii^Br) u on Br, 
u is zero on OBr, and u is not identically zero, li Lv = fiv and /i > —1, then 
(9.45) 

\vu\ 



bJ\ ^ -4 f v/7Vol(E^nS) 

< — 7T^^ — : T, max f 



Ml' " /^i^ + l V e^ 



Proof. If V also vanished on dB^, then an integration by parts argument would show that u 
and V are orthogonal. The key for the integration by parts is that if£ = A — |a;-Vis the 
operator from Lemma 13.81 then 

(9.46) V Cu — u Cv = V Lu — uLv = (— /ii {Br) + fi)vu . 

Since div ( [v Vm — uVv) e^~ j = e^~ {v Cu — u Cv), Stokes' theorem gives for r < i? 

(9.47) {-^ii{Br) + /i) \vu]j^^ = [{vdru -udrv)]^^^^ . 

We cannot control the boundary term when r = R, but we will be able to use the co-area 
formula to bound it for r near R (this is where the term in the big brackets in (I9.45P comes 
from); the remainder is then bounded by the last term in f l9.45p . 

We will need a bound on | Vu| on annuli. To get this, choose a cutoff function which 
is one on Ar^2.r-i and cuts off linearly to be zero on OBr and OBr^^ and then apply (2) in 
Lemma 19.151 to get 



(9.48) 



|Vn, 



21 



<[7]. <7Vol(i?^nS)e-^ 



R-3,R 
^fl-2,fi-l 



Combining this with the Cauchy-Schwarz inequality gives 



(9.49) [|V«|]1^_^^^_^ 



u 



u 



< TVoliBR n S) e-^-T^ [u^]^^ . 



If we let a denote the positive number (— /ii(i?/j) — 1), then (19.471) gives 
(9.50) a \[vu]^^\ < m^x\v\ [|Vn|],^^ + [u'^Jl [\^v\%i ■ 

Given a non-negative function / on Ar^2,r-i H S, it follows from the coarea formula that 

(9-51) r ' [fW dr = [f |V|x||]^^_^^^_^ < [fU^_^^^_^ , 

JR-2 
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SO we conclude that there is a measurable set If C [R — 2, R — 1] with Lebesgue measure at 
most 1/4 so that if r ^ If, then 

(9-52) [fW < 4 [/]^«_,._, • 

Applying this with / equal to |Vm|, / equal to |Vwp, and / equal to u^, we conclude that 
at least one quarter of the r's in [R — 2, R — 1] simultaneously satisfy 

(9-53) [iVul]^^^ < 4 [|Vn|]^^_^_^_^ , 

(9-55) Ho^^<4 [«^]^_^^_^<4 [«^]^^. 

Fix one such r. Substituting these into fl9.50p and using fl9.49p on the |Vu| integral gives 



a <4max|.| [| V«|L_,^_^ + 4 [u^]f^ [\Vv\^]'^l 



121 1/2 



(9.56) 

The lemma follows from this since 



<4 ( V7Vol(fi/j, nS)e^ 8 max|t;| 

Br 



(9.57) 



' J ^R-2,R-1 / L J 

111 /2 



211/2 
Br 



^21 1/2 r„,2ll/2 

' Ar-2,R 



□ 



The next lemma gives the desired instability. 



Lemma 9.58. If fii < —1, then there exists R so that if R > R and m is a Dirichlet 
eigenfunction for ^i{Br), then for any /i G R and any y G R""*"^ we have 

(9.59) -uLu + 2uhH + u{y,n) - - ] <0 



Br 



Proof. Using the Cauchy-Schwartz inequality ab < (a^ + 6^) on the cross-term u {y, n), the 
left hand side of fl9.59p is bounded from above by 



(9.60) 



Q + fiiiBn)^ + 2u hH - h'^ 



Br 



We will show that this is negative when R is large. There are two cases depending on fii. 

Suppose first that /ii < — | and choose R so that /^i(5^) < — §• Given any R> R, then 
fl9.60p is strictly less than 



(9.61) 



[-n^ + 2uhH- H'^] 



Br 



[{u - hHf] 



Br 



which gives f l9.59p in this case. 

Suppose now that — | < /ii < — 1. In this case, we will take R to be the maximum of 
and R2, where ^1 is chosen so that ^{B^) < —1 for all R > Ri and R2 will be chosen to 
handle the cross-term. Precisely, we will prove that there is some R2 so that for all R> R2 



(9.62) 



Br 
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It is then easy to see that (19.601) is negative when R > max{i?i, i?2}- Namely, using hi^Br) < 
-1 and (19:621) in (ICTj) gives 

\ / J Bn 



1 L, 21 1/2 , rr72ll/2^ 



(9-63) =-[-^^[u'Yll-h[H\^ 

It remains to prove the existence of ^2 so that the claim fl9.62p holds for all R > R2. 
Clearly, we may assume that H is not identically zero, so there is some Hq > with 

(9.64) [H^] > Ho for all R > H^^ . 

Applying Lemma [9.441 with v = H and /i = — 1 gives that 



where we substituted in the bound \H\ < \x\, the gradient bound \VH\ < \A\\x\ which 
follows from (15. 6p . and the polynomial volume bound Vol(-Bii; (IT,) < C R'^ (which holds for 
some C and d and all i? > 1). To bound the \A\ term, choose a cutoff function which is 
one on Ar_2,r-i and cuts off linearly to be zero on dB^ and dBns and then apply (2) in 
Lemma 19.151 to get 

(9.66) O^I']a,_,«_, < [7]^™ < 7Vol(i?^nS)e-^ < rCR^e^"^. 

It follows that all of the terms in (19.651) decay exponentially and, thus, that 

made as small as we like by taking R2 sufficiently large. Since [H^]^^ has a uniform positive 
lower bound by (19.641) . we can choose R2 so that (19.621) holds for all i? > -R2- D 

10. The classification of self-shrinkers with H >0 

In jH3j . Huisken showed that the only smooth closed self-shrinkers with non- negative mean 
curvature in R""*"^ (for n > 1) are round spheres (i.e., S"). In the remaining case n = 1, 
Abresch and Langer, [AbLa] . classified all smooth closed self-shrinking curves in R2 and 
showed that the embedded ones are round circles. 

In the non-compact case, Huisken showed in |H4] that the only smooth open embedded 
self-shrinkers in R"+^ with H > 0, polynomial volume growth, and \A\ bounded are isometric 
products of a round sphere and a linear subspace (i.e. S'^ x R""'"' c R"^^). The assumption 
of a bound on |A| was natural in [H4j since Huisken was classifying tangent flows associated 
to type I singularities and these automatically satisfy such a bound. However, for our 
applications to generic flows we do not have an a priori bound on |A| and, thus, we are led 
to show that Huisken's classification holds even without the \A\ bound. This is the next 
theorem (Theorem 10 . 1 71 from the introduction): 

Theorem 10.1. S'' x R'^"*^ are the only smooth complete embedded self-shrinkers without 
boundary, with polynomial volume growth, and if > in R""^^. 

The S'^ factor in Theorem 110. II is round and has radius V2k; we allow the possibilities of 
a hyperplane (i.e., /c = 0) or a sphere [n — k = 0). 
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10.1. Two general inequalities bounding |V|yl|| by |VA|. The next lemma holds for 
all hypersurfaces: 

Lemma 10.2. If we fix a point p and choose a frame e^, i = 1, . . . ,n, so that a.^ is in 
diagonal form at p, that is, aij = Aj 6ij, then we have at p that 

(10.3) MA\\'<J2al,<J2<^lk = \'^A\\ 

i,k i,j,k 

Moreover, 

(10.4) (i + ^-J] |vW|P<|VAP + ^^|Vi/P. 

\ n + 1 J n + 1 

Proof. Observe first that, since aij is symmetric, we may choose Cj, i = 1, . . . , n, so that 
is in diagonal form at p. Since V|Ap = 2 \ A\ V\A\, we have at p 



n I n \ n I n \ n 

k 5 



;io.5) MA\'\v\A\\^ = j2[iJ24)^] =4E <4i^rE4, 

k=l \ i,j=l ) k=l \i=l / i,k=l 



where the second equality used that a^j is in diagonal form at p and the inequality used the 
Cauchy-Schwarz inequality on the vectors . . . , ann,k) and (Ai, . . . , A„). This proves the 

first inequality in fll0.3p : the second inequality follows trivially. 

To prove fll0.4p observe that by fll0.3p and the definition H = —'Y^ ajj , we have 



\v\A\ |2 < J2 4,fc = ""Ik + = ""Ik + Y\ ^^+ Y 

i,k=l if^k 1=1 if^k i=l \ 



;i0.6) <J2al, + nY\H?+ Y a'^jA=n\VH\'+{n + l)Y<^ 



2 

ii,k 

i^k 1=1 \ I ij^k 



i^k \ if^k i=^k / 

The second inequality in (110. 6p used the algebraic fact ^Xlj=i ^i) — ''^ X]j=i ^| and the 
last two equalities used the Codazzi equations (i.e., aikj = aij^k] see, e.g., (B.5) in [Si]). 
Multiplying (1 10. 60 by and adding this to the first inequality in (110. 3p gives 

(1 + ^) MA\? < Y <^ + Y + Y <^ + ^ I p 

n + 1 ^ ^ n + 1 

i,k=l i^k i^k 

(10-7) ^ 

i,j,k=l 

which completes the proof. □ 
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10.2. Simons' inequality for \A\. We will assume throughout the remainder of this section 
that S C R""*"^ is a smooth complete embedded self-shrinker without boundary and with 
polynomial volume growth. 

The next lemma computes the operator L = A+|Ap+i — | x- V on the second fundamental 
form; this is analogous to Simons' equation for minimal hypersurfaces (see, e.g., section 2.1 
in [CM4] l 

Lemma 10.8. If we extend the operator L to tensors, then L A = A. In particular, if |y4| 
does not vanish, then 



(10.9) L\A\ = \A\ + ^ ' ' " > \A\ . 

Proof. For a general hypersurface (without using the self-shrinker equation), the Laplacian 
of A is (see, e.g., lemma B.8 in [Si] where the sign convention for the Oj/s is reversed) 

(10.10) (AA).. = -\A\^ai, - Hoikajk - Hij . 

Here Hij is the ij component of the Hessian of H. Working at a point p and choosing the 
frame Cj so that V^.ej(p) = 0, it follows from ( 15. 7p and ( 15. Sp that 

(10.11) 2 Hij = -Oikj (x, ek) - a-ij - 2 HaikOkj ■ 

Substituting this into (110. lOp and using Codazzi's equation (i.e., Oikj = ciij^k), we get at p 

(10.12) (AA).^ = -\A\^ Oij + aij^k (|, e^) + ^ a,^ , 

so that at p we have L A = A. Since p is arbitrary, this holds everywhere on S. 

To get the second claim, first compute (without using the above equation for A) that 

,2.1/2 A|A|2 \V\A\^f f. 1\ . 1 



V\A 


2 




A\ 





\A\ 4|A|3 V 2; ' ' \A\ 

|2 im /1 1 12 



{A,LA) \VA\' ~\V\A\\' 



\A\ \A\ 

This is well-defined and smooth since \A\ ^ 0. Substituting LA = A into this and using 
(fnOll gives (Hal). □ 

10.3. Weighted estimates for \A\ and a uniqueness result. In this subsection, square 

brackets [■] denote the weighted integrals [/] = f e~~ djj,. We will use the operator 
£ = A — i X ■ V from Lemma 13.81 and Corollary 13.101 

The next proposition adapts an estimate of Schoen, Simon, and Yau, [ScSiYj . for stable 
minimal hypersurfaces to self-shrinkers with positive mean curvature. The idea is to carefully 
play two inequalities off of each other: a stability type inequality with a cutoff function in 
terms of \A\ and a Simons' type inequality (see subsection 2.3 in |CM4] for the minimal case). 
The stability type inequality in this case will come from that if > is an eigenfunction for 
L. 
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Proposition 10.14. li H > 0, then [\A\'^ + \A\^ + |V|A||2 + jVAp] < oo. 
Proof. First, since H > 0, log if is well-defined and Theorem 15.21 gives 



(10.15) 



ClogH = -\VlogH\ 



AH-^ {x, VH) 1 



-- |v4|'- |Vlogi7| 



H 2 

Given any compactly supported function (p, self-adjoint ness of C (Lemma 13. 8p gives 

1 



(10.16) 



[(V0^Vlog/J)] ClogH] 



1^1- o + |Vlogii| 



Combining this with the inequality |(V0^, Vlogii)| < |V0p + 0^ |Vlogi/p gives the "sta- 
bility inequality" 



(10.17) 



< 



We will apply this with (p = ri\A\ where ?7 > has compact support to get 



|V|A||2 + 2r] \A\ \V\A\\ \Vr]\ + \A\' |Vr/p + - r/^ \A\' 



(10.18) 



<(l + e) [v'\V\A\\'] + 



\A\' 



1 + - |Vr/|2 + -r/^ 



where e > is arbitrary and the last inequality used the absorbing inequality 2ab < ea? + ^ . 

Second, combining the Leibniz rule Cp = 2|V/p + 2f Cf for a general function /, the 
equation £ = L — — |, the first equality in fl 10.91] . and fllO.ip gives the inequality 



C \A\' = 2 |V|A||^ + 2 \A\ C\A\ = 2 |V|A||^ + 2\A\( L\A\ - \A\' - -\A\ 



(10.19) 



2\VA\^ + \A\^ -2\A\' 
2 



> 2 1 



n+1 



\V\A\\' 



An 
n + 1 



\VH\^+\A\^ -2\A\' 



Integrating this against ■^rj'^ and using the self-adjointness of C (Lemma 13. Sp gives 



(10.20) -2[{r]\A\Vr],V\A\)]> 



n + 1 



|V|A|p 



2n 

n+1 



where we dropped the |y4| 77 term that only helped us. Using the absorbing inequality 
2ab < ea^ + — gives 



(10.21) [v'\A\'] + 



2n 2IV7UI2 , 1 



T]'\VH\' 



\A\'\Vv\' 



> 1 



n+1 



[V'\V\A\\^] 



n + 1 e 

We will assume that |v7| < 1 and |V?7| < 1. Combining fllO.lSp and (110.211) gives 

1 + e 



(10.22) 



< 



1 + ;^-^ 



[v'\A\']+a [\VH\'+\A\'] 
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where the constant depends only on e. Choosing e > small so that "^t^ < 1 (i.e., 
e < ;;^), we can absorb the [iff \A\^] term on the right to get 

(10.23) [if < C [\VH\^ + \A\^] < C [\A\^{1 + \x\^)\ , 

for some constant C depending only on n where the last inequality used the gradient bound 
\VH\ < \A\ \x\ which follows from fl5.6p . Since if > 0, it follows from Part (2) of Lemma 19. 151 
and the polynomial volume growth that [|Ap(l + \x\'^)] < oo, so (110.231) and the monotone 
convergence theorem give that < oo. 

The bound [|V|v4|p] < oo follows immediately from (110. 2ip . [|v4|^] < oo, and the monotone 
convergence theorem, so it only remains to show that [|VAp] < oo. To do this, integrate 
the equality in (110. 19p against |?7^ and use the self-adjointness of £ (Lemma l3.8p to get 

(10.24) [ri\\\/A\'-\Af)] < 2 [\A\ \W\A\\] < [\A\' + \W\A\\^] . 

Here we used again that |?7| < 1 and |V?7| < 1. Since + |V|A|p + \A\'^] < oo, the 
monotone convergence theorem gives that [|VAp] < oo, completing the proof. □ 

Proof, (of Theorem 10.171 = Theorem 110.11) . Since H > and LH = H hj Theorem 15. 2[ 
the Harnack inequality implies that either H = ot H > everywhere. In the trivial case 
where H = 0, the self-similar equation implies that S is a smooth minimal cone and, hence, 
a hyperplane through 0. Therefore, we will assume below that H > 0. 

In the first step, we will prove weighted integral estimates that will be needed to justify 
various integrations by parts in the second step. The second step uses LH = H and L \A\ > 
\A\ (and the estimates from the first step) to show that \A\ = (3 H for a constant /5 > 0. As 
in Huisken, |H4] . this geometric identity is the key for proving the classification; we do this 
in the third step. 

Step 1: Weighted estimates: Since H > 0, Pr op osit ion 1 1 . 1 41 gives 

(10.25) [1^1' + \A\^ + I V|A|p + |VA|2] < oo . 

Thus, \A\ is in the weighted W^'"^ space, so (2) in Lemma [9.151 gives [\A\'^ |Vlogif p] < oo. 
Furthermore, using that C logH = | — [Ap — | V log iJp, we also get that [|y4p |£logif|] < oo. 
This gives by the trivial inequality 2ab < o? + 1)^ the integral estimate 

(10.26) [|^|^|Vlogii| + iVl^n |Vlog/7| + l^n/: logifl] <oo. 
The definitions of C and L and the equality in (110. 9p give 

(10.27) \A\C\A\ = \A\ (^L\A\-\A\^\A\-]^\A\^ = ^ |Ap - + jVAp - |V|A||2 , 

and combining this with (110. 25p and the trivial inequality 2ah < a? + }p gives 

(10.28) [|A||V|A|| + |V|A||2 + |A| <oo. 

Step 2: Geometric identities: By (110. 26p . we can apply Corollary 13.101 to \A\'^ and 
log H to get that 

(10.29) [(V|A|2, Vlogi/)] = - [\A\'^C\ogH] = 



\A\ 



- 1 + iVlogi/p 
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where the second equahty used the equation for L logH. Similarly, (110.281) allows us to 
apply Corollary 13.101 to two copies of and get 
(10.30) 

[\V\A\\']=-[\A\C\A\] = - 

where the inequahty used that L\A\ > \A\ by Lemma [10.8[ Substituting (110. 30p into (110.291) 
and subtracting the left-hand side gives 

(10.31) 0> [\A\^\V\ogH\^ -2{\A\W\ogH,W\A\) + \W\A\\^] = [p| Vlogif - V|A||'] . 

We conclude that \A\ V log if — V\A\ = and, thus, that |y4| = (3 H for a constant /5 > 0. 
In particular, \A\ satisfies the equation L\A\ = \A\ and, again by Lemma [10. 8[ we get 

(10.32) \VA\^ = \V\A\\\ 

Step 3: Classifying S using the geometric identities: Now that we have obtained 
the key geometric identities (110.321) and |y4| = /3 H, the rest of the argument follows Huisken's 
argument on pages 187 and 188 of |H4] . 

As in Lemma 110. 2[ fix a point p e S and choose Cj, i = 1, . . . ,n, so that at p we have 
ttij = Xi Sij. We showed in (110. 5p that 

(10.33) l^nvlAII^ = J2 (T.^u,kx)j < \A\'J2al, < \A\'J24,k = 1^1' |VAp. 

k \ i / i,k 

By (110. 32p . we must have equality in the two inequalities in (110. 33p so we conclude that: 

(1) For each k, there is a constant so that aa^k = au Xi for every i . 

(2) If z 7^ j, then aij^k = 0. 

Since ^ is fully symmetric in i, j, and k by the Codazzi equations, (2) implies 

(2') aij^k = unless i = j = k. 

If Aj 7^ and j ^ i, then = auj = aj Xi so we must have aj = 0. In particular, if the rank 
of A is at least two at p, then every aj = and, thus, (1) implies that VA{p) = 0. 

We now consider two separate cases depending on the rank of A. 

Case 1: The rank is greater than one: Suppose first that there is some point p where 
the rank of A is at least two. We will show that the rank of A is at least two everywhere. To 
see this, for each g G S, let Ai(g) and X2{q) be the two eigenvalues of A(q) that are largest 
in absolute value and define the set 

(10.34) S2 = {g G S I Ai(g) = Xi{p) and A2(g) = X2{p)} . 

The subset S2 contains p and, since the Aj's are continuous in q, it is automatically closed. 
Given any point g G S2, it follows that the rank of A is at least 2 at q. Since this is an open 
condition, there is an open set ^2 containing q where the rank of A is at least two. However, 
we have already shown that \/A = on this set and this implies that the eigenvalues of A 
are constant on Q. Thus, f2 C S2 and we conclude that S2 is open. Since S is connected, 
we conclude that S = E2 and, thus, also that VA = everywhere on E. 



A\ [ L\A\- \A\'\A\ 



\A\ 



< 



\A\ 
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In theorem 4 of [L], Lawson showed that every smooth hypersurface with VA = sphts 
isometrically as a product of a sphere and a hnear space. Finally, such a product satisfies 
the self-shrinker equation only if the sphere is centered at and has the appropriate radius. 

Case 2: The rank is one: Since H > 0, the remaining case is where the rank of A is 
exactly one at every point. It follows that there is a unit vector field V so that 

(10.35) A{v,w) = H {v,V) {w,V) . 

The vector field V is well-defined in a neighborhood of each point, but a priori is globally 
well-defined only up to ±1 (it is really the direction that is globally well-defined). 

Working at a point p and using the notation of (110.331) . suppose that Ai > (i.e, that 
ei = \^ at p). It follows from (1) and (2') that aij,k = except possibly when i = j = k = 1. 
This means that at p 

(10.36) V^A{v, w) = ^^"^f^^'^^ (n, V) A{v, w) . 

Since W A and ^^^^'^'^ {-^V) A are both (0, 3)-tensors and p is arbitrary, this equality is 
independent of the choice of frame and, thus, (110. 36p holds at every point. Hence, if 7(t) is 
a unit speed geodesic on S and v{t) is a parallel vector field tangent to E along 7, then 



(10.37) dtA{v, v) = W^.A{v, v) = ^ ' (7', V) A{v, v) 



H 

In particular, if v{0) is in the kernel of A at 7(0), then A{v, v) vanishes along 7(t) (the proof 
of this is sometimes called "Gronwall's lemma"). In other words, the kernel of A is preserved 
under parallel transport. Therefore, if v{0) is in the kernel of A at 7(0), then (110.361) gives 

(10.38) (Vf ^^t;, n) = ii'{t),v{t)) ^ , 

so the vector field v{t) is not just parallel along the curve, but it is actually constant . It 
follows that there are (n — 1) constant vectors 62, . . . ,e„ tangent to S that give a global 
orthonormal frame for the kernel of A. Consequently, S is invariant under the (isometric) 
translations in the (n — l)-plane spanned by 62, . . . , e„. Therefore, S is a product of a curve 
7 C and this (n — 1) -dimensional subspace. The curve 7 is a smooth embedded self- 
shrinking curve in with positive curvature (i.e., it is convex) and with "polynomial length 
growth" . Finally, by Corollary 110.451 below, 7 must be a round circle. □ 

The next lemma, which was used in the last paragraph of the preceding proof, shows that 
any complete self-shrinking curve in R^ is either a straight line or it lies in a bounded set. 
In particular, if it has "polynomial length growth" , then it is either a straight line or it is 
closed. We were unable to find a proof of this in the literature, so we will include one here: 

Lemma 10.39. If 7 : R — > R^ satisfies |7'| = 1 and H = | (x, n), then either 7 is a straight 
line through the origin or is positive and |xp is bounded. 

Proof. The geodesic curvature is if = — (Vy7',n). Since Vyn = if 7', we get 

(10.40) 2H' = Vy (x, n) = (7', n) + (x, Vyn) = H (x, 7') . 
Similarly, differentiating |xp gives 

(10.41) (|x|^)' = Vy (x, x) = 2 (7, x) . 
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Combining these two equations, we see that 

(10.42) e^ (^H^ e^^^ =2HH'-^H^ (Ixp)' = {x, 7') - {x, 7') 

so the quantity H^e~~ is constant on 7; call this constant E = E{'~)). 

To see why this implies that is bounded, we use that < and, thus. 



(10.43) H^e-^""" >H^e-^ = E{^). 

In particular, since lim„^oo('W^e~^"^) = and we may assume that £'(7) > (otherwise 
H = 0), we see that H is bounded. 

Suppose that 7 is not a straight line through the origin. It follows that -£^(7) > and, 
thus, that 

(10.44) e— 



4 

.|2 



E(7)- 

It follows that > and, since is bounded by (1), that |xp is bounded. □ 

It follows from Lemma 110.391 that any simple complete self- shrinking curve in without 
boundary and with polynomial length growth must either be a straight line or must be closed 
and convex. Combining this with Gage-Hamilton, [GHj . gives the following coroUaryO 

Corollary 10.45. Any simple complete self-shrinking curve in without boundary and 
with polynomial length growth must either be a straight line or a round circle. 

Corollary 110.451 has the following immediate consequences for self-shrinkers in R^: 

Corollary 10.46. Any smooth complete embedded self-shrinker in R^ without boundary 
and with polynomial area growth that splits off a line must either be a plane or a round 
cylinder. 



Remark 10.47. Lemma [10.391 holds also for immersed self-shrinking curves. The fact that 

the quantity H'^ e 2~ is constant on 7 seems not to have been observed and may be useful 
in other problems. 



11. The CLASSIFICATION OF STABLE NON-COMPACT SELF-SHRINKERS 

In this section, suppose that S C R""^^ is a complete non-compact hypersurface without 
boundary that satisfies H = '^^y^ and has polynomial volume growth. Throughout, L = 
A + |y4p + I — |x ■ V will be operator from the second variation formula for the Fqi 
functional. 



Gage- Hamilton showed that the curve shortening flow of any simple closed convex curve becomes extinct 
at a round point; in particular, the round circle is the only simple closed convex self-shrinker. This can also 
be seen by using Hamilton, |Hal| . or Huisken, [H5| . Finally, one could alternatively use the Abresch and 
Langcr, [AbLa] classification of simple self-shrinkers; see Andrews, |An| . for yet another alternative proof 
that, unlike [AbLaj . is not computer- assisted. 
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11.1. The classification of F-stable non-compact self-shrinkers. We can now prove 
that hyperplanes are the only open F-stable self-shrinkers with polynomial volume growth. 
To do this, we will show that if S is not a hyperplane, then there is a compactly supported 
variation of E for which F" is negative no matter which values of y and h that we choose. 

Proof, (of Theorem 14.311) . We will consider three separate cases. 

Case 1: H vanishes identically. It follows that S is minimal and, since H = -^^^j^, S is 
also a cone. However, the only (smooth) embedded minimal cones are hyperplanes. 

Case 2: H does not vanish anywhere. In this case. Theorem 10.171 (our extension of 
Huisken's classification of mean convex self-shrinkers from |H4j ) gives that E is a product 
X S""*^ where the S""'^ has radius ^J2{n — k) and < /c < n. We will see that these are 
all F-unstable. Observe that H = \J{n — k)/ y/2 and \ A\'^ = ^ are constant. Let Xi be the 
coordinate function corresponding to the first coordinate in the R'^. Since Xi is harmonic on 
S and Vxi = 9i, we get that 



(11.1) 
(11.2) 

It follows that 



Cxi = Axi — -(x, Vxi) 



L xi = C xi + - xi + lAl"^ xi 



Xi 



Xi . 



|Vxi|, and \Cxi \ are all in the weighted space since E has polynomial 
volume growth. Since the constant functions are also in the weighted W^'"^ space. Corollary 
13.101 with u = 1 and v = Xi gives 



(11.3) 







[C xi] e 



L 


■Xi 




. 2 . 



Suppose next that y E R""*"^ is fixed and is a bounded function on R'^, so that 0(xi, 
is in the weighted L} space on E. It follows from Fubini's theorem that 



,Xfc)xi 



0(xi, . . . ,Xfc)xi (y,n)e' 



:ii.4) 



(a:i,...,a;fc)eR'= 



0(xi, . . . ,Xfc)xie' 



-(x'l^ ha;2+2(n-fc)) 



(y,n) 



It is easy to see that (y, n) is independent of (xi,...,Xfc) and is an eigenfunction of the 
Laplacian Ag^-fe on the S"~'^ factor. In particular, (?/, n) integrates to zero on each slice 
where (xi, . . . , Xk) is fixed, so we conclude that 



:ii.5) 



— I I 

^Xk)xi (y,n) e~ 



0, 



We would like to use Xi as the variation, but it does not have compact support. To deal 
with this, let (pj be a cutoff function on R'^' that is identically one on Bj, cuts off to zero 

< 1, |V0j| < 2, and |A0j| < C for a fixed constant C. 
'jX\ as a variation. Theorem 14.141 gives 

\/n — k , „ {n 



between dBj and dBj^2, has \(p 
Therefore, using fj 



[11.6) 



n 



(47r) 



-n/2 



V2 
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where we used f lll.Sp to get rid of the fj {y, n) term. Using (111.21) and (111.31) . it follows easily 
from the monotone convergence theorem that 



(11.7) 



lim / [-/, Lfj] e 4 



L 









e 4 and lim / e * 



0. 



Hence, for all j sufficiently large, we get 



:ii.8) 



n < o (4-) 



n/2 f 




Jt, 





e 4 



Since this is negative for every h and y, we get that S is unstable as claimed. 

Case 3: H vanishes somewhere, but not identically. By Theorem 19. 36^ we know that 
< —1. Therefore, we can apply Lemma [9.581 to get some R so that if R > R and u is a 
Dirichlet eigenfunction for fii{Bji), then for any /i G R and any y G R""*"^ we have 



;ii.9) 



-uLu + 2uhH + u{y,n) - H'' 



— <0. 



If we fix any R> R and then use the corresponding u in the second variation formula from 
Theorem 14.141 then we get that F" is negative for every h and y, so we get that S is unstable 
as claimed. □ 



11.2. Non-compact entropy-stable self-shrinkers. In this section, we will use our char- 
acterization of entropy-stable self-shinkers together with our classification of F-stable self- 
shinkers to prove Theorems 10.71 and 10.121 By Corollary 110. 46[ the only embedded self- 
shrinkers in R^ that split off a line are cylinders and planes, so Theorem 10.71 is an immediate 
consequence of part (2) of Theorem 10.121 

Throughout this subsection, E C R""^^ will be a smooth complete embedded self-shrinker 
without boundary and with A(E) < oc. 

As mentioned, it suffices to prove Theorem 10.121 that classifies entropy-stable self-shrinkers 
in R""*"^; we do this next. 

Proof, (of Theorem 10.121) . We have already shown that the sphere is the only smooth em- 
bedded closed entropy-stable self-shrinker, so we may assume that S is open. 
We will first show part (2) of the theorem: 

If S is not a round S*^ and does not split off a line, then S can be perturbed 
to a graph S of a compactly supported function u over S with A(S) < A(S). 
In fact, we can take u to have arbitrarily small C" norm for any fixed m. 

Since S does not split off a line, this follows immediately from combining Theorem 10. 151 and 
Theorem ICTl 

Now that we have part (2), the key for proving part (1) is the following observation: 
Claim: If S = R'"-'= x Sq where Sq C R'^+\ then 

(11.10) FX\^) = FS:i^o), 

where xq is the projection of x to R^+^. 

Proof of the claim: By induction, it suffices to do the case where [n — k) = 1 and 
k + 1 = n. Given a vector y G R""*"^, set y = (yi, yo) with yi and yo the projections of y to 
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and R", respectively. Since 

(11.11) / e^^^dyi = (4to)^ / e-'"ds = {4 7Tto)K 

Jr Jr 

Fubini's theorem gives 

fX\^) = (4^^o)^"/^ / = (4vrto)-"/^ / ( I e"^ dy^) e"^ 

(11.12) = (4vrto)-("-^)/^ / e"^=Fij;(So). 
This gives the claim. 

To prove (1), suppose that S = R""'^' x Eq where Sq is a self-shrinking hypersurface in 
R^"*"^ and is not a /c-dimensional round sphere and does not split off another line. Part (2) 
that we just proved gives a graph So of a compactly supported function u on Sq so that 
A^fc+i (So) < AR,fc+i (So). Part (1) follows from combining this with the claim. 

□ 

12. Regularity of F-stable self-shrinkers 

Recall that the combined work of Brakke (Allard), [B], [Al], Huisken, jH3] . Ilmanen, [IT] , 
and White, |W4] . yields that, for a MCF in R*^"*"^ starting at a smooth closed embedded 
hypersurface, any tangent flow (also past the first singular time) has the property that the 
time —1 slice is an n-dimensional F-stationary integral varifolc0 with Euclidean volume 
growth. The main result of this section. Theorem 112.11 below, shows that if the regular part 
of such an n-dimensional F-stationary integral varifold is orientable and F-stable and the 
singular set has finite {n — 2)-dimensional Hausdorff measure, then it is smooth (at least for 
n < 6) and thus Theorem 10.161 applies and shows that such a self-shrinker is either a round 
sphere or a hyperplane; see Corollary 112.21 below. 

Theorem 12.1. Let S C R"^^ be an n-dimensional integral varifold that is a time slice of 
a tangent flow of a MCF starting at a smooth closed embedded hypersurface in R""*"^. If the 
regular part of S is orientable and F-stable and the singular set has finite (n — 2)-dimensional 
Hausdorff measure, then it corresponds to an embedded, analytic hypersurface away from a 
closed set of singularities of Hausdorff dimension at most n — 7, which is absent if n < 6 and 
is discrete if n = 7. 

Recall that, for a MCF, at any point in space-time tangent flows exist and are Brakke 
flows. In particular, the time slices of such a tangent flow are F-stationary integral varifolds. 
As an immediate corollary of Theorem 112.11 combined with Theorem 10. 16[ we get: 

Corollary 12.2. Let {Tt}t<Q be a tangent flow of a MCF starting at a smooth closed 
embedded hypersurface in R""*"^. If the regular part of 71 1 is orientable and F-stable and 
the singular set has finite (n, — 2)-dimensional Hausdorff measure and n < 6, then Tli is 
either a round sphere or a hyperplane. 

"'^^An i^-stationary integral varifold is a weakly defined minimal hypersurface in the conformally changed 
metric on R"+^ 
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Recall that we defined the operator L in Section H] by 

1 



(12.3) Lv = e~<liYye ~ Vv j + \Ayv + -v . 

Lemma 12.4. Suppose that S C R'"~^^ is a F-stationary ra-dimensional integral varifold and 
f2 C S is an open subset of the regular part of S. If /ii(L, VL) < — |, then Vt is F-unstable. 

Proof. If /ii(L, Q) < — |, then we get a function /o with compact support in Q satisfying 



(12.5) - / (/o^/o)e-^<-| / f^e 

Jq ^ Jo. 

Substituting /q into the second variation formula from Theorem 14.141 gives 



F" < (47r)-"/2 f 
Jn 

[12.6) = (47r)""/2 f 

Jn 



-lf,+2fohH + fo{y,n)-h'H'-^-y^ 
\ ifo-{y,n)Y-ifo-hHf 



e 4 



Since F" < no matter which values of h and y that we use, it follows that Q is F- 
unstable. □ 

In the next lemma, reg(S) is the regular part of an integral varifold E. Moreover, in this 
next lemma, we will assume that Vo\{Br{x)) < Vr"' for all < r < 1 and all x. As we have 
noted before, this is automatically satisfied for tangent flows. 

Lemma 12.7. Given e > 0, an integer n, and R, V > 0, there exists tq = rQ{e, n, R,V) > 
such that the following holds: 

Suppose that S C R""*"^ is an n-dimensional F-stationary integral varifold, F-stable on 
the regular part and Vol{Br{x) fl S) < V r"^ for all < r < 1 and x G R"^^, then: 

• S is stationary with respect to the metric gij = e~~ 6ij on R""*^^. 

• For all Xq G -B_r(0) and for all smooth functions with compact support in the regular 
part of BrQ^^o) ^ W6 have the stability-type inequality 



(12.8) / \Ag\l(l)'dVo\g<il + e) / |V,0|JrfVol3. 

Here Ag, Vg, | ■ \g, and dVolg are with respect to the metric g = gij on R"'"''^. 

Proof. By inspection, the argument in Section [3] that showed that smooth self-shrinkers 
easily generalizes to show that S is a stationary varifold in the metric gij on R"""*"^. We need 
to show that, in the gij metric on R"'"''^ where the varifold is stationary, the usual second 
variational operator (or stability operator) satisfies a stability-type inequality, i.e., (112.81) . on 
sufficiently small balls. This will follow from yUi(L, reg(S)) > — | together with the Sobolev 
and Cauchy-Schwarz inequahties. 

The bulk of the lemma is to establish (112. 8p for A, V = Vru+i, and with respect to the 
volume on S coming from thinking of S as a subset of Euclidean space. This is because the 
lemma will follow from this with a slightly worse e because of the following: 
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For a metric of the form gij = f'^Sij, the Christoffel symbols are 

(12.9) Tig = - (7*™ {grnk,e + gmi,k — gk£,m) = fk ^il ft ^ 

Hence, for vector fields X and Y 



f 



;i2.io) = v.y + iy,^f)x + {x,vf)Y-ix,Y)vf 



where all quantities in the second line are computed in the Euclidean metric. If the vector 
fields X and Y are tangent to S whose (Euclidean) unit normal is n, then the second 
fundamental form in the g metric is given by 

(12.11) A^iX, Y) = f (V^r, n) = / (V^r, n) = / A{X, Y) - {X, Y) (V/, n) , 

where the last equality used that X and Y are tangential while n is normal. If Cj is a 
5ij-orthonormal frame for S, then is a frame in the new metric and, thus, 

(12.12) af^. = A\ei, e,) = a,, - /"^ (e„ e,) (V/, n) . 
Squaring and using an absorbing inequality yields for all 5 > 

(12.13) 1^.1' < (1 + + ^ (l + ^ • 
Moreover, dVolg = /" ciVol, and / |Vg0|c, = |V0|. Integrating 

(12.14) [ |Aj2 02^Volg < (1 + 5) supr-2 [ \A\'^(j)^dVol 

+ n(l + ]) supdV/lV"-') / <l>'dVo\. 
Since / = and the support of (f) is contained in ^^^(xo), it follows that 



(12.15) sup < (1 + OnAro)) inf T"^ , 

|</.|>o l<^l>o 

where 0/j^„(ro) — * as rg — 0. The lemma now easily follows from (112. 14p and (112.151) 
provided we can show (112. 8p for A, V, | ■ |, ciVol and we can show that |0p(iVol can 
be bounded by a small constant times |V0p(iVol (the last will follow, after choosing tq 
sufficiently small, from the Dirichlet-Poincare inequality that we show below). 

In the remainder of the lemma, gradients, second fundamental forms, and volumes are all 
with respect to the Euclidean metric 6ij and the metric on S that it induces. 

Observe first that by the Sobolev inequality (theorem 18.6 on page 93 of Simon, [Si]; cf. 
also [Xl], |MiSij ) for any smooth non-negative function G C^{BrQ{xQ) fl S) with compact 
support on the regular part of the varifold (here we also use that since it is F-stationary 
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H = ^ and that |xo| < R) 



tjj— <C (I Wl + \H\iP)<C / (I Wl + \x\ ip) 



(12.16) <C / (|V^| + (i? + ro)^) 
On the other hand, by the Holder inequahty 

(12.17) ^^A<Vol(S,„(xo)nS)^ iL^^) 
Combining these two inequahties and setting ip = yields 

(12.18) ^101 <CVol(5,„(a;o)nS)^ | V0| + (i? + ro 
Combining this with the bound Vol(i?ro(xo) fl S) < V^Tq yields 

(12.19) {l-CV^ro{R + ro)) f \(p\<CV^ ro f |V0| . 

Finally, choosing tq sufficiently small and applying the Cauchy-Schwarz inequality gives the 
Dirichlet-Poincare inequality for a constant C (here, as elsewhere in this lemma, C denotes 
a constant, though the actual constant may change from line to line) 

(12.20) / \M'<Crl [ |V0p. 
Combining (112. 3p and Lemma [12.41 yields 



\A\^^^e-—= / 0L0e-— + / iV^l^e" - - / ^^e"— 



E 2 J2 

,2 /" I |2 



(12.21) <-(^^^ + ^j Jj^e-^ + y^|V0|'e^ 

< /" 02e-^+ / |V0|2e^. 
Multiplying both sides by e^^ and using that ||xoP — < ro(2i? + tq) on Brg{xQ) yields 



:i2.22) < / (f)'e^^^ + / |V</.|'e 



<gr-o(R+ro) ^ ^2^gro(fl+ro) y |y^|2 



Hence, 



;i2.23) f <e2-o(«+-o) /■ 02 ^ g2r-o(R+ro) /" Jy^p 
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The lemma now easily follows from the Dirichlet-Poincare inequality after choosing tq suffi- 
ciently small. □ 

Proof, (of Theorem 112. ip . This is an immediate consequence of [ScSi] and Lemma 112.71 
Note that the argument in |ScSi] goes through with the slightly weaker stability inequality 

mM- □ 

The proof of Theorem 112.11 relied on the result of Schoen-Simon, jScSij . This result has 
recently been significantly sharpened by Wickramasekera, [Wi] . Thus, if we use Wickra- 
masekera's result, then we get a sharper regularity result that we describe below. Before 
recalling the theorem of Wickramasekera, we need the following definition of his: 

Fix any a G (0, 1) we say that an n-dimesional varifold S C R""*"^ satisfies the a-structuml 
hypothesis if no singular point of S has a neighborhood in which the support of S is the union 
of embedded C^'" hypersurfaces with boundary meeting (only) along an {n — l)-dimensional 
embedded C^'" submanifold. 

Proposition 12.24. Let S C R""*"^ be an n-dimensional F-stationary integral varifold 
having Euclidean volume growth and orientable, F-stable regular part. Fix any a G (0, 1), 
and suppose that S satisfies the a-structural hypothesis. 

The varifold then corresponds to an embedded, analytic hypersurface away from a closed 
set of singularities of Hausdorff dimension at most n — 7, which is absent if n < 6 and is 
discrete if n = 7. 

As mentioned, the proof of this proposition will use a very recent result of Wickramasekera, 
[Wij . in place of the result of Schoen-Simon. For convenience of the reader state, we state this 
next (the proposition is stated for a unit ball in Euclidean space, but holds for all sufficiently 
small balls in a fixed Riemannian manifold). 

Proposition 12.25. (Wickramasekera [Wij ) . Consider an n-dimensional stationary integral 
varifold S in an open ball in R*^"*"^ having finite mass and orientable regular part. Suppose 
also that for all smooth functions with compact support contained in the regular part of S 
we have the stability-type inequality J^, | 0^ < (1 + e) J^, | V0p for some sufficiently small 
e > 0. Fix any a G (0, 1), and suppose that E satisfies the a-structural hypothesis. 

The varifold then corresponds to an embedded, analytic hypersurface away from a closed 
set of singularities of Hausdorff dimension at most n — 7, which is absent if n < 6 and is 
discrete if = 7. 



Appendix A. Calculations for graphs over a hypersurface 

In this appendix, we will calculate various geometric quantities for a one-parameter family 
"Eg of (normal) graphs over a smooth embedded hypersurface S C R"~^^. To define S^, we 
fix a unit normal n on S and a function m on S and let be given by 

(A.l) F{-,s) : S R"+^ with F{p,s) =p + su{p)n{p) . 

Let n{p, s) denote the unit normal to at the point F{p, s); clearly, we have that n(p, 0) = 
n{p). Similarly, let H{p, s) be the mean curvature of at F{p, s). 



58 TOBIAS H. COLDING AND WILLIAM P. MINICOZZI II 

Lemma A. 2. We have that 

dn 

(A.3) _(p,0) = -Vn(p), 

f)J-f 

(A.4) 97^^'°) = - 

where A and A are the Laplacian and second fundamental form, respectively, of S. 

Before proving the lemma, we choose an orthonormal frame {ej}j<„ for the tangent space 
to S. This gives a frame {ei, . . . , e„, e„+i = n} for the tangent space to R""*"^ at points in 
S. Let ttij = (VejCj,!!) be the second fundamental form for S, so that 

(A. 5) Ve,n = -ttjj . 



Remark A. 6. By convention, we sum over repeated indices in expressions such as (lA.Sp . 



In this section, often we sum over j < n (as in (lA.SP ). but we occasionally sum over all 
j < n + 1. To avoid confusion, we will use the greek index a for sums over 1, . . . ,n + 1. 

We will extend both the function u and this frame to a small (normal) neighborhood of 
S by parallel translation in the normal (i.e., en+i) direction, so that (e„_|-i, Vu) = and 

(A.7) V,„^,e, = 0. 

The next lemma computes how covariant derivatives of e„_|_i vary as we move off of S in 
the normal direction. 

Lemma A. 8. If we set f{p, h) = (Ve^e^+i, ej){p + hn{p)) for p G S and /i G R, then 

dh 

Proof. Differentiating / gives 



(A.9) — (p, 0) = -ttikip) ttjkip) . 



Of 

(A.IO) dh^^'^"^ ^ e„+i(Ve,e„+i,ej) = (Ve„+i Ve,e„+i, e^) 



where the terms on the right are evaluated at p + hn{p) and the last equality used (lA.7p . 
Using that the Riemann curvature (of R""*"^) vanishes, we get 

df 

(A. 11) gj^ip, 0) = (Ve, Ve„+ie„+i, ej) + (V[e„+i,e,]e„+i, ej) , 



where all the covariant derivatives are now performed at p G S. To compute this, use flA.7p 
and (lA.Sp to get that Ve„+ie„_|_i = and at p 

(A. 12) [e„+i, Cj] = Ve^+iCi - Ve^e„+i = an, , 

so that 

df 

(A.13) 'dh^-^' ^ aa-(Ve^e„+i, ej) = -aik ajk ■ 

□ 
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Proof, (of Lemma [A.2[) . The tangent space to is spanned by {-Fj}j<„ where 

(A.14) Fi{F{p, s)) = dF(^p,s) {ei{p)) = ei{p) + sui{p) n(p) - su{p)aik{p) ek{p) . 

Here we used (IA.5|) to differentiate n and we used that V„p = v for any vector v since p is 
the position vector on S. Using flA.14p . we compute the metric Qij for the graph relative to 
the frame Ff. 

(A. 15) gij{p, s) = {Fi, Fj) = 6ij + UiUj + u^aiuajk -2s uaij , 

where all of the quantities on the right are evaluated at the point p G S. The second 
fundamental form of at s) relative to the frame Fi is given by 

(A.16) a,,{p,s) = (Vi.,F„n) = -(Vi.,n,F,) , 

where this time all quantities on the right are evaluated at the point F{p, s). 
Differentiating the metric and normal: By f lA.14p . the s derivative of Fi is 

dFi 

(A.17) ~ds'^^' ^ ^'^^^ - u{p) ttikip) Ckip) . 

If we differentiate (Fj, n) = and (n, n) = 1 with respect to s, then we get that the vector 
n'(p) = f (p,0) satisfies 

dF 

(A.18) (e,(p),n'(|))) = -(n(p), ^(p, 0)) and (n(p),n'(p)) = 0. 

Using (lA.17p . the first equation becomes {ei{p), n'(p)) = —Ui so we get the first claim (lA.3p . 
Similarly, using (1A.17I) gives that the s derivative of Qij at s = is 

(A.19) ^(P'O) = ^^^'0)) + (^(P,0),e,(p)) = -2uip)a,,{p) . 

Since gij{p, 0) = 6ij, it follows from flA.lQp that the derivative of the inverse metric is 

(A.20) -j^ip,0) = 2uip)aM- 

The Taylor expansion of the second fundamental form: We will compute the first 
order Taylor expansion (in s) of aij{p, s). We will use Q below to denote terms that are at 
least quadratic in s; Q may mean different things even in the same line. We will use Fl{p) 
to denote ^(p, 0) (whose value was recorded in ( 1A.17I) ). 

Using (lA.Sp . we can expand n{p, s) as 

(A.21) n(p, s) = Cn+i - s Vu{p) + Q . 

Using this, we expand VF^n to get 

(A.22) - VFin(p, S) = -VeiCn+l + s Ve, {uk{p) Ck) - s VF/e„+i + Q , 

where each covariant derivative on the right is performed at the point F{p,s). We will 
expand each of the three terms on the right in flA.22p separately. Using Lemma IA.8I and the 
fact that the frame is parallel in the e„+i direction, the first term is 

(A.23) - Ve,e„+i (F(p, s)) = aik{p) Ck + suainaknek{p) + Q . 

Since s Ve^efc {F{p, s)) = sV e^^kip) + Q, the second term is 

(A.24) s Ve, (ufc(p) Cfc) (F(p, s)) = s Ve, Vu(p) + Q = s S{ei, e„) e«(p) + Q , 
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where S{v,w) = (VvVu^w) is the (R""*"^) hessian of u. Similarly, using Lemma [A. 81 and the 
formula (1A.17P for F/, the third term is 

-sVp^en+l {F{p, S)) = -SUiVe„+,en+l{p) + S UttinV e^en+l{p) + Q 

(A.25) = -suainQknekip) + Q , 

where the last equality used flA.Sp . Since the ainttkn terms cancel in (1A.23I) and (lA.25p . 
substituting these three into flA.221) gives 

(A.26) - VF,n(p, s) = ttikip) Ck + sS{euea) e^ip) + Q , 

By f[06|) . taking the inner product of this with 
(A.27) Fj{F{p,s)) = ej{p) + sUjCn+iip) - suajmem{p) 

gives (all terms on the right are evaluated at p) 

O'ijiPj s) = {a'ikek,ej) + s (aikCk, (uj e„+i -uajynem)) + s {S{ei,ea) 6^,6^) + Q 
(A.28) = aij - su aikttjk + s S^ici, ej) + Q . 

Here, in the last equality, we used that the Euclidean hessian S{ei,ej) agrees with the 
submanifold hessian S's(ej, ej) at p since the normal derivative of u is zero. 

Putting it all together to compute H: Since H{p, s) = —g^^{p, s) aij{p, s), we can use 
([QOD and (1X281) to expand H 

H{p, s) = - {6ij + 2s u aij) {aij - suaikajk + sS'E(ej, 6^)) + Q 

(A.29) = -an- s [/\u+\A\^ u) + Q , 

where all quantities on the last line are evaluated at the point p G S, A is the Laplacian on 
E, and \A\\p) = E,,<„4(p)- This gives (jA2D. □ 
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